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A study of transformation of cyclones into waves
and vice versa using kinematical determinant®
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ABSTRACT, It is shown that a property common to cyclones and streamline wave patterns which undergo
mutual transformation by superposition of a constant wind field is the closed zero L, isopleth inside/outside
of which L, is positive/negative. Here L, is the kinematical determinant,

1. Introduction

It is often seen that atmospheric cyclones are born
out of an initial streamline wave configuration and when
cyclones disappear, a streamline wave configuration is
seen in its place. From this, one can infer that there
can be some property common to cyclones and waves.
The object of this paper is to investigate the common
property.

2. Wind field
In this paper, we consider a two dimensional wind
field V= ui - vj = Vt= ¥ (cos i J- sin ¢j). Vis finite,

single-valued, continuous and differentiable. V2= u2-1-v2

and tan ¢ = (5- ) i is the angle V makes with x-axis

and is reckoned positive in counterclockwise direction.

Kinematical properties

Divergence (Div) = g”-; +- g_; a V%ﬁ 2 %;f
Vorticity (Vor) { = g—: _g_‘; oy V%% _S_L’
Stretching Deformation (D)) = % - g_;
Shearing Deformation (Dg) = g—; + g_:

Kinematical Determinant (L,) = 4k. [(Vu) % (V)]
— (Div)? + (Vor)2— D2 — D2,

L1=4k-[(v%i) xv¢]=4)v¢

iﬂl 2
Lg = 1.1 == (Di'«)z ; Ls = L] [VOl)z

s and n are distances along and normal to streamlines.

ST'# is curvature. It is positive/negative when stream-

lines curve counterclockwise/clockwise.
%‘b is diffluence/confluence. It is positive/negative if

streamlines are diffluent/confluent.

| |
(V¢xk).V = |V I"i where ni is differentiation
| oy ofly

along the isogon. n; is reckoned positive.

(i) from cyclone/spiral centre,
(i) towards col point,

(i) in clockwise direction of closed isogons en-
closing a ¢ minimum (maximum of  if y were
reckoned as per meteorological practi ce) and

(iv) in counterclockwise direction of closed isogon
enclosing a ¢ maximum (minimum of § if b
were reckoned as per meteorological practice).

*Paper was presented in the symposium “Indo-French School on recent advances in Computcr Technigues i
Bicmechanics and Applied Systems” held at LLT., New Delhi, 4-13 February 1980 ? e T Imetetrolies:
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Fig. 1. Streamline pattern’
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Meteorological reckoning of ¢ is just'the opposite. In
figures, isogons are labelled with values following
meteorological usage and the directionalong which n, is
reckoned positive is indicated by double barbs.

tang =KV ¥) xk} xt].k _ 3y/es
(V¢ xk).1] oy/on

t vwx k

g is the angley etween the isogon and streamlines.

Three theorems (Lakshminarayanan 1978) proposed

to be used in the present study are listed for easy

reference.

1(a). (V ¢ xk) vector lines;whichfare the same as iso-
gons originate from a point where Y= 0 and L,
is positive, ¢ will be found to increase continuously
and change by + 27 on making one complete
counterclockwise circuit around the point.

1(b). (V¢ xk) vector lines which are the same as isogons

terminate at a point where V=0 and L, is negative.

will be found to decrease continuously and change

y — 27 on making one complete counterclockwise
circuit around the point.

2(a). Streamlines are spiral shaped in an area where L,
L, and Ly are positive, Ly#L,, L;#L; and where
an isolated point V=0 exists.

2(b). Streamlines are closed lines in an area where L,
L, are positive, L,=L, and Ly is zero or negative
and where an isolated point V=0 exists.

2(c). Streamlines are parabolic shaped or radial lines in
an area where L,, L, are positive, L;=L; and L,
is either zero or negative and where an isolated point
V=0 exists.

2(d). Streamlines are hyperbolically shaped as at a col
point in an area where L,, L,, L, are negative and
where an isolated point V=0 exists.

3. The ring of maximum wind enclosing the spiral
centre is the zero L, isopleth inside/outside which
L, ispositive/negative.

3. Cyclone
To focus attention, we choose northern hemispheric
cyclones characterised by counterclockwise —curved
streamlines spiralling inward and terminating at a point
called the cyclone centre. V=0 at the cyclone centre.
Since the cyclone centre is the point of intersection of zero
isopleth of u separating positive from negative values of
u, and zero isopleth of v, separating positive from nega-
tive values of v, L,50 at the centre. Further, L, cannot
be negative by Theorem 2(a) and hence must be positive
at the cyclone centre.
Proceeding from the centre in any direction, the
increases, reaches a maximum whereafter it dec-
reases. The locus of such points of maximum is the
Ring of Maximum Wind (RMW). RMW encloses the
centre. The sign of L; can be determined from

2 () was o=t |4 (7). T
% (=) using L,=4 B AR R
5 ( 3 ) gL, v e\ 2 e isogons
originate from cyclone centre [Theorem I(b]. Proceeding
2
along any isogon, we noteh-a—(L) is positive, zero/
- a"l 2
negative inside / on / outside the RMW. Hence L,
is positive/zero/negative at all points inside/outside the
RMW. The significant characteristic of the cyclone
which we will useisthe closed zero L, isopleth inside/
outside which L, is positive/negative.
Fig. 1 illustrates the streamline field, Fig. 2 speed
profile in any direction from the cyclone centre and Fig. 3
the speed field of a cyclone.

4. Stream wave configuration

Figs. 4 (a) & 5(a) represent two streamline wave con-
figuration and their corresponding isogon fields are in
Figs. 4(b) & 5(b). Fig. 4(a) represents a laterally damp-
ed wave (see p. 69 Palmer ef al. 1955) and is characteris-
ed by closed isogon configuration. The closed isogons
enclosing a ¢ maximum are separated by an isogon from
closed isogons enclosing ¢ minimum. Fig. 5(a) gives an
undamped wave with no closed isogon. We will not
consider these types of waves. A unique isogon con-
figuration save for an additive constant to i, is always
obtainable from a given streamline ficld by evaluating ¢
at every point. But to obtain a streamline field from a
given isogon field, it is necessary that the unit vector
is defined at least at one point. Depending on the defini-
tion of unit vector, the streamline pattern changes.
If we define the unit vector as normal to Py P; (see illus-
tration Fig. 6) we get back the streamline wave pattern
(Fig. 4a) from isogon field (Fig. 4b). But if we define unit
vector as parallel to Py P, as illustrated in Fig. 7, we
get the streamline pattern as in Fig. 8. The angle between
the isogon and the streamline at the point of definition
in the first case is 90° and in the second case is zero.

We note that (i) different streamline patterns result
depending on the definition of unit vector. (i) in the
specific case of an isogon field characterised by closed
isogons enclosing a ¢ maximum separated by an isogon
from closed isogons enclosing a ¥ minimum a streamline
wave pattern results if the angle between the separating
isogon and the streamline is near about a right angle,

ie.,

@i{_ﬂ

I o5 >‘ on
and a confluenting/diffluenting streamline pattern results if
26| ob
on > s
5. Closed Zero isopleth of kinematical determinant
_ L, vanishes at points where (i) speed and/or direction
is maxinum/minimum/minimaximum and (i) at
points where isopleth of speed touches isogon. In the
specific context of cyclone, isopleth of speed in general
touches sogons at all points on RMW excepting points
of maima/minimaxima where V/(V2) is zero and
isogons jass through them. It may be noted that at cy-
clone ceitre, V7 (V2) is zero, V¢ is infinite and L
is finite jositive and at col point, \7(V2) is zero, 7 ¢ is
infinite aad L; is finite negative.

ABCDA in Fig. 3 is the zero isopleth of Ly. A and C

are points of maxima of speed : B and D are points of
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minimaxima of speed : at all other points, isogons and
isopleths of speed touch.

In the context of streamline wave configuration, L,
is zero at points of ) maximum and ¢ minimum. Hence
if there exists a closed L; zero isopleth passing through
the points of maximum and minimum of , and inside/
outside of the closed zero L; isopleth, L; is positive/
negative, we can evolve a simple rule on the sequence of
occurrence of maximum and minimum of speed and
direction as follows :

Going round the zero isopleth of L the sequence of
occurrence of a point of maximum and a point of mini-
mum of direction and speed will be maximum of speed,
maximum of direction (minimum of direction if reck-
oned as per meteorological usage) minimum of speed
and minimum of direction (maximum of direction if re-
ckoned as per meteorological usage).

6. Transformation

We study the transformation of a cyclone V, into a
wave by superposing a constant wind field V,. The field
to be studied is V=V,+V,.. We note that L, field for
V and YV, are the same.

Cyclone centre and col point

Since V must vanish at the cyclone centre, we investi-
gate by graphical method the point/points, if any,
where V vanishes. At the point where V=0, the differ-
ence between the directions of V, and V, must be 180°,
i.e., ;= ,4-180. To focus attention, if we superpose
an easterly constant wind field, the cyclone centre must
be on the 270° isogon. Further at the new centre,
V, must be equal to V,. Hence we construct the speed
profile of ¥V, on the isogon ¢f,=—.+180 and superpose
on it ¥, speed as in Fig, 9.

Case (i). Ve < (F)m.x. At Sand N, V vanishes.
AtS, V=0, Li>0and at N, V=0 and L, <0. The cyclone
centre is at S and a col point is created at N.

Case (ii). Keeping the direction of V, to be the same,
we can choose higher values of speed. As V, increases,

S and N approach each other as well as RMW and &»pheric cyclones, curvature is predominant, i.e.,

merge with one another when V,=(V,)max-

Case (iii). For values of V, > (V,)max there is no
point where V can vanish and hence there can be no
cyclone centre and col point.

Isogon fieldof V

Case (i). Vo < (Vomax. The isogons emanating
from cyclone centre S terminate at the col point N as illus-
trated (Fig. 10).

Case (ii). V,= (Vy)mox.

S and N coincide at a point on the RMW. The isogon
= Y=+ 180 between S and N vanishes in the limit. All
other isogons are closed as illustrated (Fig. 11).

Case (fii). Vo> (Vmax

The cyclone centre and col point have disappeared.
The isogons are closed lines enclosing a » maximum and
a ¢ minimum. The isogon ¥,=4, is the separating

isogon. The point of maximum A and point of mini-
mum C of ¢ are on the zero isopleth of L; as illustrated
in Fig. 12 by ABCDA.

Speed field
V2=¥2LV 242V, V, cos ('7&8_" )

Case (i) Vy<(V;{)max. The speed is a minimum at the
cyclone centre and col point. The RMW preserves its
character of being the locus of points of maximum speed.
Even though the positions of maxima and minimaxima
are altered, still they continue tobe on the zero isopleth of
Eis

Case (ii) Vo= (V)max- S and N coincide at a point
on the zero isopleth of L;. The character of RMW is
changed with the appearance of a minimum speed at the
point of coincidence.

Case (iii) V,>(V)max. The zero isopleth of L; is
no longer the locus of points of maximum speed. It is a
locus of points of maximum as well as minimum speed.
"Proceeding along the isogons from outside to inside of
the closed zero isopleth of L;, we note that aV2/gng
must be negative, zero and positive at points outside,
on and inside the zero isopleth. Hence on these points
where §V2/gny vanishes while proceeding from outside to
inside, the speed must be minimum. In Fig. 12, points
on ABC have minimum speed. By a very similar reason-
ing, we note points on CDA must be maximum speed.
Therefore, for V, > (Vymax the zero isopleth of L,
is made up of two portions :

(i) where speeds have maximum values,

(if) where speeds have minimum values while
proceeding along the isogons.

Angle between separating isogon and streamline

For values of ¥,>(V;)max, the isogon ¢,= . and ¢,=
Y. 4 180 together constitute isogon =4, as in
Fig. 14. The angle g between the isogon =14, and the
streamline of V is the same as the angle between v,—
e and ;=180 and V, streamlines. In the atmos-

oY) « |o¥:
0s ] > on
and hence as in Figs. 13 and 14, the angle bet-
ween the isogon and the streamline is near about a right

angle. Hence we conclude that the cyclone is transformed
into a damped streamline wave configuration. If there

3 the

transformation will result in a confluent/diffluent pattern.

. sl s 3 g oy oY
is a spirall atter h = =
piralling pattern in which Ian(>las

7. Mathematical models

We illustrate the transformation of cyclone into wave

with the help of a model, the author (Lakshmi
1975)has developed : ¢ LAl

Y=Vi+Vgi Vi=A V¢; Vp=B(V¢ xk)
R [_&y:)}

202
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8. Discussion

Fig. 19
o is the radius of RMW
Ao Pumets = ek
"-5:—?" VN"B’S Vb"i'
o 2= 9

The spiralling model is obtained by superposing inflow
V; field on a counterclockwise closed streamline field
Vi with (Vp)mex =20kt and (¥;)max = 5 kt,

‘>‘ ! (g is approximately 104)

Fig. 15 gives the streamline of V, where o is taken as
100 km.,

Fig. 16 gives the wave pattern after superposing an
easterly wind of 30 kt.

With (Ve)max=5kt and (V;)mx= 20 kt.

Ig—ﬁ-l > l%:i is approximately 166°)

Fig. 18 gives the streamline pattern after superposition
with an easterly current of 30 kt. Fig. 17 gives the stream-
line pattern of the V, field from which Fig. 18 was obtain-
ed. It is easily seen that a cyclone (i) in which |curvature|
> confluence, transforms into a streamline wave and
(i) in which confluence| >> |curvature|, transforms into a
confluenting streamline pattern. Conversely, we can
choose the streamline wave pattern or the confluenting
pattern as in Fig. 16 or Fig. 18 and obtain the spiral
patterns as in Fig. 15 or Fig. 17 by superposition of
westerly wind of 30 kt.

An excellent treatment of transformation of stream-
line wave into cyclone using isogon field is given by
Palmer et al. 1955. In this, the role of speed field is
ignored. The theorems developed by the author (Laksh-
minarayanan 1978) advocate use of kinematical determi-
nant to define col point, spiral centre, isogon fields asso-
ciated with these two and the RMW. Present study uses
L, in the context of transformation as well.

Meteorologists will easily concede birth of cyclones
from waves from experimental evidence but the spiral
formation from a confluenting/diffluenting pattern may
not find easy acceptance. Noting that the concepts
developed inthis paper are applicable to fluid motion
also, we will give an easy example of fluid flow round a
right circular cylinder (Fig. 19). The diffluent/confluent
patterns are seen to the left/ right of P,P,P,. Experi-
mental evidence shows that vortices are formed with
such patterns.

Taking a limited area, we can write the wind field V
as V=V,+V

r -
. Vdxdy
where, e . = V,= Space mean wind vector

) dxd
JJ i

and V’ is the deviation from the mean wind vector.

Further ' »V’dxdy==0
If the splrallmg circulation were modelled as
Vo= AV¢+ BV ¢ kaF‘ ¥V, dxdy vanishes for the

area of integration cnclosed by ¢ isopleth. Hence,
choosing a suitable area in which V' can be represented
by V,, we note that mean wind vector V,, is none other
than the constant wind vector V, used in the present
study. Decrease of space mean wind speed and/or in-
crease of speed on the closed zero L, isopleth appear to
be necessary for the birth of a cyclone and increase of
space mean wind speed and/or decrease of speed on the
RMW are necessary for its disappearance.

RMW is conspicuously seen in the area of an intense
tropical cyclone. Its existence around any spiral centre
appears to be a theoretical necessity. Proceeding in
any direction from the spiral centre where speed is zero;
the speed must initially increase whereafter there are
three possibilities :

(a) speed reaches a maximum,
(b) speed monotonically increases and
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(c) speed increases and asymptotically reaches a
value,

Possibilities (b) and (c) are not tenable in the case of
spirals of finite kinetic energy. Hence spiral centres of
practical interest will be enclosed by RMW. Any way
the applicability of conclusions of this paper is limited
to such cases only.

9. Conclusion

The closed zero isopleth of L, inside/outside which
Ly is positive/negativc is a common property in trans-
formation of cyclones into streamline wave/diffluent/

confluent configurations and vice versa obtained by
superposing constant wind vector.

The ideas presented in this paper are dealt with in
greater detail in chapters 5, 6, 7 of “Theorems on Cyclo-
nes” (1984) which may be referred to with advaniage,
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