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ABSTRACT. Frequency distribution of annual maximum 1, 2, 3, 6, 12, 24, 36 and 48-hr rainfall recorded
at Colaba observatory, Bombay from 1924 to 1984 is studied using Gumbel and gamma distributions -both have
been fitted using moments and maximum likelihood ¢stimates separately. Gumbel distribution fitted with method
of moments is found to be most suitable as indicated by minimum values of the absolute relative deviation and
quadratic deviation but the fit of Gumbel distribution using maximum likelihood estimates was, by and large,
equally satisfactory. The results are presented on an extrenyc-va!uc probability paper giving rainfall depth-
duration-frequency (DDF) relationships for Bombay. Relationship between mean annual maximum rainfall
and the duration has been obtained in order to simplify the understanding of extreme rainfall amount and duration.

The relationship is found valid for 5, 10, 15 and 30-min extreme rainfall also.

1. Introduciion

Intense rainfall causes dislocation of normal life
in the city of Bombay. The city with a population
of about 9 million is situated along the west coast
of Indian Peninsula (the geographical coordinates
are 18 54'N and 72° 49°E). The mean annual rainfall
of Bombay is 1805 mm, 94% of whichis received
during southwest monsoon period from June through
September. The problem of flooding in the city could
be avoided by designing suitable drainage system and
for this purpose knowledge of distribution of short
duration extreme rainfall events is essential. Thus, the
study proposes to examine the frequency distribution
ofl !Il;i 3,6,12, 24, 36 and 48-hr annual maximum
rainiatl.

 Frequency analysis of annual maximum rainfall
is done to predict the extreme rainfall amount for large
re.urn periods—larger than the period of available
records. The major task of the problem is the choice
of suitable probability model which could fit most
clese'y the frequency distribution of historical rainfall
data. There are numerous theoretical probability models
suggested to be used for frequency analysis of extreme
precipitation (Sevruk and Geiger 1981). The choice
of appropriate model for a particular rainfall
series depends largely on considerations of convention
and experience of analysing the rainfall data. So in

this process choice of more than one model is obvious.
In the present study Gumbel and gamma distribution
models have been utilized. The results are presented
on a diagram as rainfall depth-duration-frequency
(DDF) relationships for Bombay. An attempt has
also been made to understand distribution of 5,10, 15
and 30-min extreme rainfull from hourly extreme rain-
fall distributions.

2. Data used

Hourly (clock-hour) rainfall data for Colaba observat-
ory, Bombay from 1924 to 1966 has been obtained from
the publication entitled ‘Magnetic meteorological and at-
mospheric electricity observations made at the government
observatories, Bombay and Alibag’ and from 1967 to "84, it
is collectad partly from I.LM.D., Poona and partly from
Regional Meteorological Centre. Bombay. Thus, the
study is based on 61 years (1924-84) continuous records of
hourly rainfall which is longest (as it is known to author)
record of hourly rainfall for any station in India.
Annual maximum rainfall series for 1, 2, 3, 6, 12, 24, 36,
and 48-hr durations are formed by picking highest
rainfall of different durations each year and their

‘are any continuous clock hours and not sticking to

i frequency distribution have been studied. The durations
i ‘c

(25)

alendar dates, Hereafter, annual maximum rainfall
series will be referred to as rainfall series.
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TABLE 1

Estimates of parameters of Gumbel distribution and the T-yr rainfall amount (in mm) for annual maximum hourly rainfall at

Colaba,

Bombay. MM denotes method of moments and MML method of maximum likelihood

Estimates of

Duration Method parameters Return period (yr)
(hour) —— ——h—— —— —_——te— ——— —
a u 2 5 10 20 50 100 200
1 MM 16.7212 48,3466 54.5 73.4 £6.0 98.0 113.6 125.3 136.9
MML 15.5115  48.619%6 53.3 71.9 83.5 94.7 109.1 120.0 130.8
2 MM 20015 68 3813 790 111.9 133.7 154.6 181.6 201.8 222.0
MML 25.2906 69.6076 8.9 107.5 126.5 144.7 168.3 185.9 203.5
3 MM 36.4407 82,6227 96.0 137.3 164.6 190.8 224 .8 250.3 275.6
MML 31.4309 84.0915 95.6 131.2 154.8 177.4 206.7 228.7 250.5
6 MM 52.7337 107.8539 127.2 186.9 226.5 264.5 313.6 350.4 387.1
MML 42.1786 111.2883 126.7 174.5 206.2 236.6 275.9 305.3 334.7
12 MM 76.8214 138.3122 166.5 253.5 311.2 366.5 438.1 491.7 545.1
MML 56.6774 145.7463 166.5 230.7 273.3 3141 366.9 406 5 445.9
24 MM 97.€687 183.1853 219.0 329.7 403.0 473.3 564.3 632.5 700.4
MML 73.2463 192.0016 218.8 301.9 356.8 409.5 477.8 528.9 579.9
36 MM 109.442 225,707 265.8 289.9 471.9 550.8 652.7 729.2 805.3
MML 87.6752 233.525 265.6 365.0 430.8 493.9 575.6 636.8 697.8
48 MM 112.6996 257.9429 299.2 427.0 511.5 592.7 697.7 776,4 854 .8
MML 95.2424 2641826 299,1 407.2 478.7 547.4 636.2 702.8 769.1
TABLE 2
Estimates of parameters of gamma distribution and the 7-yr rainfall amount (in mm) for annual maximum
hourly rainfall at Colaba, Bombay
Estimates of )
Duration parameters Return period (yr)
(hour) Method ————P——— e —— A e ey
B v 2 5 10 20 50 100 200
1 MM 7.9299 7.3138 55.4 74.8 86.6 97.2 110.0 119.1 127.8
MML 6.8778 8.4326 55.7 73.8 84.6 94.3 105.9 114.2 122.1
2 MM 16.2678 5.2330 79.8 [13.8 134.8 154.1 177.7 194.6 210.9
MML 13,0827 6.507 80.8 1.2 129.7 146.4 166.8 181.3 195.2
3 MM 21.0739 4.9187 96.7 139.6 166.2 190.5 220.5 241.9 262.7
MML 16,9887 6.1015 98.0 136.3 159.8 180.9 206.8 225.3 243.0
6 MM 33.0782 4.1808 127.4 189.7 228.9 265.0 309.6 341.8 372.0
MML 24.6472 5.6109 130.2 183.5 216.4 246.2 282.7 308.8 3339
12 MM 53.1482 3.4267 165.3 256.4 314.8 368.9 436.5 485.4 533.0
MML 35,9126 5,0816 170.8 245.0 291.1 333.0 384.5 421.5 457-2
24 MM 65.5014 3.6573 218.1 333.8 407.5 475.6 560.5 621.9 681.6
MML 45.3847 5.2784 224.6 320.1 379.1 432.8 498.6 545.9 591.5
36 MM 68.2044 4.2355 266.5 395.7 477.0 551.6 644.0 710.6 775.0
MML 50,7254 5.6950 272.2 382.8 450.8 512.4 587.9 641 .8 694.0
48 MM 64,0862 4.9933 301.7 434.2 516.5 591.5 683.8 750.0 814.0
MML 50.7146 0.3689 306.2 422.9 494.0 558.2 636.5 692.4 746.3
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3. Frequency analysis
3.1. Normality test

Before applying any complicated probability model of
frequency distribution, each rainfall series is exami.ne.d
for its normality aspect by computing Fisher’s °g’ statistic
(both ‘g, and ‘g,” for skewness and kurtosis respectively)
and their standard errors, If either or both of *g,’ and ‘gy’
are found more than 1. 96 times of its standard error
the series is treated as significantly different from normal.
The test is performed on actual as well as on square-root,
cube-root and logarithmically transformed values of
different rainfall series and it is found that except logari-
thmic transformation of 1,2 and 3-hr rainfall series
they are significantly different (at 59, level) from normal.

3.2. Gumbel distribution

3.2.1. Model description — Gumbel extreme value
distribution has been widely used in hydrological fre-
quency analysis (Sevruk and Geiger 1981). Its cumu-
lative distribution function is given by :

P (x) = exp [—exp—(x—u)/a] (1)
—00 <X <o -0 <uloo;a>0

where, a and u are respectively, the shape and location
parameters of the distribution.

3.2.2. Parameter estimation — In fitting Gumbel distri-
bution to annual maximum rainfall at Bombay, the
parameters estimated by moments and maximum like-
lihood methods have been utilized separately.

The moment estimators of the parameters of Gumbel
distribution are as follows :

a = (v6/m[Z - N-DF Q)
and u = x—0.577216 « 3)

where x is the mean of the variate x, and N the sample
size. This method is very popular in practical use because
of computational simplicity.

Relatively complicated method of maximum likeli-
hood for parameter estimation is used with computer
aid. In this study maximum likelihood estimates of para-
meters of Gumbel distribution are obtained using
Jenkinson method (Clarke 1973). The method involves
first estimate of « and u to initiate the computation
for solving the equations :

- o N
@ =% —[ Zx, exp (= x/a)] | [?.; exp (—xja)]  (4)
]

and @ = —aln| 2?' exp {—(xi/a)} [ N) (3)

M oments estimates of « and w are used as first estimate
to initiate the computation. The estimate of a and @
from Eqns.(4) and (5) will give corrections to be applied
to the earlier considered value of « and . The iteration
process is discontinued when « and & became =20.01.
The convergence is very rapid-and less than 10 iterations

are required to achieve the desired accuracy. The esti-
mated parameters by moments and maximum likeli-
hood method for different rainfall series are given in
Table 1. It is interesting to note that estimate of «
by method of moments is greater than that by the method
of maximum likelihood, while ¥ by maximum likelihood
method is greater in all cases.

3.2.3. Estimated T-yr rainfall — In Eqn. (1), in terms
of reduced variate y the term (x—u)/a can be written
as follows :

X = u-fay (6)

where, y=—In[(ln {TAT—1)}] (7)

| .
in which T= —P(x) (8)

The rainfall estimates for different durations with
2, 5, 10, 20, 50, 100 and 200-year return periods have
been computed using Eqns. (6) & (7) considering
estimated « and ¥ by moments and maximum likeli-
hood methods separately and are given in Table I.

3.3. Gamma distribution

3.3.1. Model description — It is shown in numerous
studies by Mooley and Appa Rao (1970, 1971) and
Mooley [1973(a) & (b)], that gamma distribution gives
good fit to rainfall of different time scales at Indian
stations. This led us to investigate the suitability of
gamma distribution for annual maximum hourly rain-
fall distribution at Colaba, Bombay. For gamma distri-
bution the probability density function is given by :

9)

where 8 and v are scale and shape parameters respecti-
vely. Gamma distribution has been fitted to different
rainfall series using moments and maximum likelihood
estimates of the parameters separately.

3.3.2. Parameter estimation — The moments estimators
of the parameters of gamma distribution are as follows :

x=p (10)
and 5= pv (11)

where x and s are the sample’s mean and standard devia -
tion respectively. The maximum likelihood estimates
of the parameters are determined by solving the
following equation numerically:

¢ (v) = ¢ (v)—In (v)—In (xg/x) = 0 (12)

where In is the natural logarithm, xg and x are respecti-
vely, the geometric and arithmetric means, and ¢ (v) is
the di-gamma function defined as :

0 .
b = g nie)

Egn. (12) is solved using Newton-Raphson iteration
procedure. On differentiating Eqn. (12) with respect
to v we get, :

¢

1
o =¥ )- (13)
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a2
c
gv?

In (v)

P (v) =

is the tri-gamma function. The dia-and tri-gamma funct-
ions have been evaluated by means of the algorithm
developed by Mooley (1974) which is based on truncated
logarithmic form of Sterling’s series.

For solving Eqn. (12) the iteration process started
beginning with moments estimates as the initial estimate
of v and the correction term, /1, to e added 1o v for next
iteration is evaluated from equation:

— s (v) + In (v) = In (va/x)
!l n o - l’fj’ {llj o (“t ?‘.LI)

The iteration process 1s discontinued when /i becomes
—0.0001. Having obtained v, the scale parameter B is
calculated using Eqn. (10). The estimates of fand v by
moments and maximum likelihood methods are given
in Table 2. it is seen from the table that for all rainfall
series considered estimates of g by the method of
moments is higher than that by the mclhm{ of maximum
likelihood whereas opposite is trug in case ol estimute of v,

where,

(14)

3.3.3. Estimated T-yr rainfall —The estimated rainfall
amount from the derived gamma distribution  lor
different durations with 2. 5. 10. 20, 50, 100 and 200-yr
return periods 18 obtained by evaluating the following
integral :

pr (v)

LY

&)

where P,, is the probability of rainfall not excceding
x, and other terms in the equation have ‘their usual
meaning. To determine x, for a given P, Egn. (15)
is evaluated following the procedure dezveloped
by Wilk et al. (1962) unq used by M‘oqic_\' (_l‘-)?B_}_ _The
process involves estimating lower limit of rainfulls,
x,;, expecied with different return periods t—T. T,
' , T,. For this purpose Egn. (15) has been

rewritten by putting x—xZ as:
1 -
v - {’l _l ¢ A_-/_'_'_,
P,\t — Yy a,_.[(lj)

0

Since the maximum value ol the exponential fuuction is
unity at Z=0. thercfore,
1

i zv |
~ ¥

dZ

or (]

B [ (v 1) L 116)
The lower limit of rainfall expected with 2. 5, 10, 20.
50, 100 and 200-yr return periods has been dclcm}m_cd
from Egn. {16). For estimating  actual rainfaull
amount for return period T interpolation by halving
is done between lower limits of rainfall for return
periods Ty and T), so as 10 satisfy Eqn. (15). Similarly
for return period 7, interpolation 1s done between
lower rainfall limits for 7, and 75 return periods and
soon. The rainfall amount of diflerent durations
expected with selected return periods estimated from
gamma distribution fitted using

Xon o

moments and  naxi-

mum likelihood methods, separately, are given in
Table 2,

3.4, Selection of most suitable fit

According to y3-test Gumbel and gamma distribu
tion both fitted using moments and maximum likeli-
hood estimates gave, by and large, equally satisfactory
fit to the annual maximum rainfail of different dura-
tions over Colaba. In order to select the most suitable
scheme giving uniformly goodfit to rainfall series of
different durations absolute relative deviation and
gquadratic deviation have bzen computed which are
defined as: ' .

p NN S - | XX
Absolute relaiive deviation — 2 | — -”i (17)
e
S
L L L N X=X\
and Quadratic deviation = = (18)
Xg
T '

where x, is the observed rainfall obtained using Tuckey’s
11962) plotiing position formula for selected T-=2, 5,
10, 20 and 50-year return periods and x,, the estimated
rainfall for the given return periods.

For different rainfall series absolute relative devia-
tion and guadratic deviation both were found minimum
in case of Gumbel distribution hited using moments
estimates, implyving a mosi suitabie unified fit to annual
maximum  hourly rainfall at Colaba, Bombay. But
results - of  different  methods, particularly  Gumbel
distribution fitted using maximum likelihood estimates
were quite comparable.

4, Rainfsll.depth-duration-frequency relationships

The 7-yr rainfall amount estimated from the Gumbel
distribution, fitted with method of moments (Table 1),
are now plotted on an extreme value probability paper
as shown in Fig. 1. which presents the depth-duration-
frequency (DDF) relationships of Bombay rainfall.
Eagn. (6) represents these relationships, « and w for
different rainfall series are given in Table I,

Fig. | can be used for interpolating the results for
durations other than those cousidered in the analysis,
However. the estimated rainfail for higher return
periods (more than 200-year) may mnot be intuitively
accepted while looking into the sample size of 61.

it may be intercsting 1o nole that for different durations
the estimated rainfall for 200-ye return period is in
close cmeni with the highest observed rainfall,
The hig Ghserved ainfall  amounts  alongwith
their time of occurrence and estimated return period
are givenin Table 3. Thus, {or constructinga hydraulic
structure which required information on rainfall amount
for & given duration with return period upto 200-yr, the
highest observed rainfall would suffice the purpose.

5. Relationship between the mean apnual maximum rainfall and
the duration !

increase in rainfall amount with the increase of
duration is obvious. -In' order-to simplify - characteris-
tics of extreme rainfall apiount. relationship between
meuan annual maximum raigfail and duration is obtained.
For this purpose 16 additional annual maximum rainfall
series, e.g., 60,72.---, 240-hr durations have been analy-
sed by fitting Gumbel distribution using moments estima-
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Fig. 1. Rainfall depth-duration-frequency (DDF) rele tionships for Fie, 2. Reletion between the mean arnual

Colaba, Bombay

TABLE 3

Information relat’ 12 fo highest observed rainfall at Colaba,
Bombay for different durations”

Duration Rainfall Sterting Estimated
(hr) (mm) time Dale return period
(hr} {yr)

1 128.5 1500  22-9-1949 121
2 228.6 1566 22-9-1949 250
3 269.5 1500  22-9-1949 169
6 386.1 0209 10-9-1930 196
12 571.2 0500 27-9-1949 281
24 768.3 2000 21-9-1949 400
36 798.8 1000 21-9-1949 188
48 828.3 2300 20-9-1949 158

tes as discussed earlier in this paper. The fit has been
found to be good for different rainfall series. Thus
the following analysis are based on 24 selected annual
maximum rainfall series.

Taking duration along abscissa on logarithmic
scale and the mean rainfall on arithmatic scale along
ordinate, the plot for 24 annual maximum rainfall
series will follow the “curve as shown'in Fig. 2. The shape
of the curve is of a modified exponential type (Croxton
et al. 1975) and its equation is given by :

maximum reinfall of Colaba, Bombay
and duration

R=—17.8 4758 (243]) e D (19)
where R is the mean annual maximum rainfall in mm
and D, the duration in hours,

Eqn. (19) is obtained using hourly data only to
see its performance for durations less than 1-hr. The
mean annual maximum rainfall for 5, 10, 15 and 30 min
durations has been determined from the equation
and it is compared with the mean annual maximum
rainfall based on data from 1933 to ’67. The results are
found in very close agreement, implying the appli-
cability of Eqn. (19) for minute rainfall also. The data
for 5, 10, 15 and 20-min durations are obtained from
a publication by Patel (1969), where the author has
shown the annual maximum rainfall of these durations
to follow the Gumbel distribution,

6. Conclusion

(/) Gumbel and gamma distributions
with moments and maximum likelihood methods
separately gave, by and large, equally satisfactory
fit to annual maximum rainfall of selected durations
varying from | to 48 hr at Colaba, Bombay. Though
Gumbel distribution fitted with method of moments
is found to be most suitable according to absolute rela-
tive deviation and quadratic deviation computations,
the results of Gumbel distribution based on maximum
likelihood estimates were, by and large, equally satisfac-
tory.

both fitted

(ii) There exists an exponential type relationship
between mean maximum rainfall and the duration for
Bombay.

Colaba,
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