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Radio refractive index (N;) at the ground surface
has been extensively used to predict microwave signal
strengths in different parts of the world (Bean and
Dutton 1966). The main advantage in favour of the use
of N, lics in the fact that very large number of surface
observations in the country are routinely taken in
India Meteorological Department. Recent studies
based on dynamical approach to model atmospheric
phenomena have shown that the meteorological
observations like the atmospheric pressure and
tlemperature form the example of deterministic chaos
and their modelling could be based on 7 to 8
parameters. Satyan (1988) also found that the strange
attractor {ractal dimension based on seasonal rainfall
data over India rgqughly of the same order as other
meteorological parameters. A question. arises whether
the radio refractive index which is based on three
metcorological  variables namely atmospheric
pressure, lemperature and water vapour can be
modelled and if so. the number of parameters needed
using the principles of chaos physics.

Since large variations in radio refractive index
occur over the Indian region from inland to coastal
stations (Johari and Srivastava 1970), we have studied
the strange attracior dimension for eight representative
stations in the country
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Usmg the theory of deterministic chaos. the radio refractivity has been studicd for eigin
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patmneters are needed 1o predict rmdio refliactivity over the Indian region similar 1o that reported for other
atiosphene phenomena Also. inland and coastal stations cannot be grouped in relation to their climatic features
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2. Surface refractivity and data used

Radio refractivity (N) was calculated based on daily
values using the formula given helow :
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where.
T — Dry bulb temperature ('K),
m — Mixing ratic (gm/kg).
p — Station level pressure (hPa).

Daily mixing ratio for cach station was computed
with the help of formula given by Pruppacher and
Klett (1980).
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where, ¢, — Saturation vapour pressure (hPa).
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Figs. 1 (a-c). log C,, (r) versus log r for : (a) Gauhati, (b) New Delhi, and (c) Bombay
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where, Ty — Dew point temperature (°C) and ag to ag
are constants as given below:

ag = 6.107799961, a; = 4.436518521x107",

ay = 1428945805X10™2 a3 = 2.650648471x10™,

ag = 3.031240396X10~% a5 = 2034080948 10",

ag = 6.136820929% 10711

3. Computation of fractal dimension of strange
attractor

A dynamical system can be described by trajec-
tories in the state space which consist of the variables
for describing evolution of the system. The sub-
manifold which attracts the trajectories and has
integer dimensions is called the non-chaotic attractor.

However, there are other dynamical systems where tra-
jectories remain on an attracting submanifold that is
not topological. Such manifold is a strange attractor
which isassociated with a new geometrical objectcalled
a fractal set and has a non-integer dimension (Man-
delbrot 1977). Thus following the equations that des-
cribe the system, the state of the system after some time
can be anythingeven though the initial conditions were
close to each other. This imposes limits on prediction
andevenifthe system is described by equations. the sys-
tem shows randommness. Such systems are chaotic
dynamical systems and their attractors are called
strange or chaotic attractors. The dimension D of an
attractor (chaotic or non-chaotic) indicates the mini-
mum number of independent variables present in the
system (Mpon 1987). Thus, if D=/7+p, where. [ is an
integer and 0 £ p < 1, then minimum number of
independent variables of the system is /+ 1. Thus deter-
mination of dimension of the attractor helps us in
modelling the system.

We may consider the dynamics of a system,
simulated by partial differential equations describing
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Figs. 2 (a-c). Slope (d) versus embedding dimension (m) for:
(a) Gauhati, (b) New Delhi, and (c) Bombay

underlying physical processes. These equations can be
transformed to a set of n time dependent ordinary dif-
ferential equations :

Vi=f 01 ¥2, oo Yadi J=1 20 iy n 3)
where, prime denotes differentiation with respect to
time r. The time evolution of the system from an initial
condition can .-be described by trajectories in n-
dimensional state space with coordinates vy, va,.......... Vi
which are n different variables. The system (3) can be
reduced to a single differential equation of one of the
variables v{r), say v(1) if all others are eliminated by dif-
ferentiation. This gives an nth order non-linear dif-
ferential equation as:

W= gV, WD) @

so we replace the state space with v, v/, ..., W=D

without any loss of information about the dynamics of
the system.

According to the theorem of Takens (1981) D-
dimensional manifolds can be embedded into
m=2D+1 dimensional space. Thus, for deriving the
dimension of an attractor from a single state variable,
it is sufficient to embed them into a m-dimensional
space spanned by v and its (m—1) derivatives, i.e, v, V',
W s W . Thus, it is not necessary to know the
ongma] state space and its dimension n as long as m is-’
chosen large enough. Ruelle (1981) suggested that
instead of continuous variables w1) and its derivatives,
a discrete time series v(1) and its shifts (m—1) time lags
by a delay parameter t can be considered.

We, therefore, begin computation with a time series
of a dependent or independent variable v of the system.
The delay parameter is chosen either 3 days, 5 daysor7
days and then the convergence is checked. Let the
series be vy, vy, ........, vy where, N is total number of data
and in our case N=1827. These values are embedded to
construct points X; in a m-dimensional embedding
space :

Xi= (1. V141, ..., Vism—1) (%)

i=1,2,...,N-m+1( =k, say). Forembedding dimen-
sion m, the correlation integral C»(r) as a function of
correlation length r is given by (Grassberger and Pro-
caccia 1983).

1
Cm(r)=—gH(r—|X;—1}-l) (6)
N2 ij=1
L]

where, H (x) is a Heaviside function

Hx)=1 forx >0,

=0 forx < 0.

In above equation, | X; — X;| is the distance between X;
and X; and is obtained by conventional Euclidean
measure of distance, i.e, by square root of the sum of
the squares of components. The correlation of fractal
dimension is defined by :

d [1n Cp, ()]
D = lim lim —_— @)
r-0 m-so© d[Inr]

Thus, to obtain correlation dimension of atfractors
of radio refractivity we. have obtained Ca (r) for
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different values of r using the Fqn. (6). In C,; (r) is plot-
ted againstIn r in Figs. 1 (a-c) for t = 7 day. To obtain
D using Eqn. (7) we require the slope d of the straight
line passing through the points corresponding to each
embedding dimension m. However. C,, (r) saturates at
large values of r due to finite size of the attractor and at
small values of r due 1o finite N.

The computations were made for 2 1o 18 eimbedded
dimensions. The results are shown in Figs 1 {a ¢) o)
three representative stations namely. Gauhat New
Delhi and Bombay corresponding 1o three distineiiv,
radio climatic regimes (Srivastava and Pathak 1969
As given in Table 1 and Figs. 2 (a-¢) thoie is saiu
for T = 3.5 and 7 days but ouly represcitative <uives
for ©=7 are given in the Figs. | (a-c).

4. Results and discussion

The fractal dimensions of the stiaige attracion o
Gauhati; Nagpur. New Delhi. Bouwibay, Caean
Madras. Port Blair and Visakhapitnam e
in Table 1.

It may he noted that the fractal dimensions m
Indian region lic in the range of 3.9 10 8 3 implying that
6 to 9 parameters are necdet for mode hing the rvaddi
rcfractivil'y. This is roughly of the same order as repor-
ted by Fraedrich (1986) for atmospliciic pressiiie.

Satyan (1988) found that six paramerters are need . J
to predict seasonal rainfall over [ndia. Thus the
signatures of deterministic thaos arc brought oui
radio refractivity as well which is based on
three meteorological parameters namely. atmospheric
pressure, temperature and humidity.

Among the inland stations. only 7 parameters o
needed for modelling at Nagpur and Gauhatt while m
New Delhi, eight parameters are needest On the other
hand, at a coastal station like Bombay wheie anoma-
lous propagation extending up to coast of Arabian Ses
have been reported since World War Il only six
parameters are needed for modelimg. This could bhe
attributed to the different physical process lor the duct-
ing conditions over the inland stations as compared to
that over sca (Srivastava and Pant 1979). At Vishakha-
patnam, which has the highest value of surface refrac-
tivity (Srivastava and Pant 1968) among coastal stations
during the southwest nionscon, nine parameters are
needed to model the relractivity system. Such 4 larae
difference in the modelling parameters between Bom-
bay and Vishakhapatnam is yet to be explained. [t may.
therefore. be surmised that the inland or coastal sta-
tions in India cannot be classified through fractal
dimensions vis-a-vis climatic features. Nevertheless,

Fractual dimension of strange utiracior over India
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APPENDIX

Concept of deterministic chaos in the study of

dynamical sysicmis 1moccen® yeaws aas eponed up o

new method of stuadying anerodicity. i s now possiki
o understand and charactense inegular wmpora!
bechaviour 10 a quantiiatively betier way us.ag the
above method The study of complex systems for
example, turbulent flows, the weather, biological pro-
cesses, seismic activity ete. suggest that modelling
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these processes by purely deterministic equations is
impossible. The unpredictability in such systems 1s
due to non-linear interactions between the system and
some unknown [acters modelled as  stochastic

random noise.

Evolution of dynamical systems can be represented
by trajectories in the state space from some initial con-
dition. For a periodic system that develop determinis-
tically, all trajectories initiated [rom different initial
conditions stay on low dimensional smooth topologi-
cal manifold. called attractor. These attractors are
characterised by an integer dimension. equal to the
topological dimension of the submanifold. An impor-
lant property ol these attractors is that, trajectories
converging on them do not diverge. This guarantees
long term predictahility of the system. It has been
found for many Jyvnamical systems that the trajec-
tories stay on an attracling submanifold which 1s not
topological. These submanifolds are called ‘fractal’
sets and are characterised by a dimension which is not
an integer. The corresponding attractors are called
strange’ attractors. An important property of these
attractors is the divergence of initially nearby trajec-
torics. Thus, long term predictability for these systems
is not guaranteed. The determination of the dimension
of an attractor scts a number of constraints that should
be satisfied by a model used to predict the evolution of
a system. Iligher the value of the fractal dimension
more complex is the system. The fracial dimension
also gives the number of independent parameters
equired for modelling the system.

If the mathematical formulation of a system is not
available, the state space can be replaced by the so-
called phase spacc. The phase space may be produced
using a single record of observable variable x(7) from
that system. The physics behind such an approach is
that a single record from a dynamical system is the out-
come of all interacting variables and thus information
about the dynamics of that system should, in principle,
be included in any observable variable.

Itis assumed that variables present in the evolution
of the system in question satisfy a sect of n first-order
differential equations :

X1 =) (%150, s X))
X =L (x, B 15 T % |
X =T 08 X9, ccessemmiisssiiisisinn - X52) ()

where. one dot indicates the first derivatives with res-
pect o time. In such a case the co-ordinates of the state
space are (X1, X2, ..o Xp). The above system of dil-
ferential cquations can be reduced to one highly non-
linear differential equation of nth order, i.e.

\'i(”’ = L XLs wersosommesens xl("—“) 2

Ruelle (1981) suggested that instead of a con-
tinuous variable x(t) and its derivatives. It will be easier
to work with x| (). and the set of variables obtained
from it. by shifting its wvalues by a fixed delay
parameter t we consider from now the phase space
defined by the variables.

(). xy (0 + 1) e xy [+ (n— 1) T

For a typical choice ol T these variables are expected to
be linearly independent.

The method of calculating fractal dimension has
been included in the text

The existence of strange attractor shows that the
main feature of long term evolution of radio refractive
index may be viewed as the manifestation of a deter-
ministic dynamics involving a limited number of key
variables. The fact that the attractor has.a fractal
dimensionality provides a natural explanation of the
intrinsic variability of system. despite its deterministic
character. It suggesis that the actual behaviour of the
surface radio refractivity is highly aperiodic. The next
integer above the fractal saturation dimension pro-
vides the minimum number of independent variables
necessary to model the dynamics. The saturation is
achieved at embedding dimension < 16 is a good
estimate of the upper bound for the number of
variables sufficient to model the dynamics of the
attractor.

Attractor dimension can be taken as a measure of
the turbulence in the refractivity parameter because
more turbulence in the refractivity parameter will
make the system more complex, hence the value of the
fractal dimension become higher. The results can also
be utilized 1o model radio refractive index becausc
fractal dimension indicates the minimum number of
parameters involved for modelling.
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