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ABSTRACT. In order to solve the differential equations of meteorological

parametars fnite

difference method is used and fed to computers. In this paper finite element technique is used for
the solution of atmospheric planetary boundary layer (PBL) equations. The results obtained by this
technique are comparable in accuracy with those obtained by finite difference method.

1. Introduction

With the advent of computer, there has been tre-
mendous advances in obtaining solutions for partial
differential equations occurring in the field of atmos-
pheric science, So far, the main thrust of the develop-
ment of the numerical models in the meteorological
field has been with the finite difference method. How-
ever, other engineering fields especially aircraft tech-
nology has used the finite element method to obtain
solutions. The purpose of this paper is to develop a
finite clement application for the solution of atmos-
pheric planetary boundary layer equations. The pre-
liminary objective is to learn the characteristics of a
a finite element model and compare it with a similar
finite difference model. The physical phenomenon
proposed to be studied corresponds to that of a heated
island effects.

We present in this preliminary study, the solutions
for a homogeneous terrain, ie., homogeneous with
respect to temperature roughness ete calculations are
in progress to include nonlinear effects, variation of
roughness etc, The relevant equations are solved using
Galarkin residual procedure of finite elements instead
of the wusual finite difference technique hitherto
employed.

2. Finite elements and resume of the numerical procedure

The basic concept of the finite element method is
that a solution can be accurately determined by a

sum of simple easily computable functions. The Galar-
kin procedure involves subdividing the domain into
a set of elements, approximating the dependent vari-
ables by a linear combination of low order polyno-
mials (having value zero except over a particular cle-
ment), inserting these approximations into the equa-
tion, multiplying the equation by a test function (also
a low order polynomial having a one to one corres-
pondence with the basic function) whose purpose is
to minimize, the residual between the approximate
solution and the actual solution, integrating over the
entire domain and finally solving the system of equa-
tions assembled during the integration for the solu-
tion, Better or finer resolution for the dependent
variables at any particular region is obtained by vary-
ing the size/shape of the finite element at will, In the
finite difference technique finer resolution in the re-
gion where the variables have a large gradient is
obtained by varying grid size by logarithmic transfor-
mation of a coordinate and/or similar transforma-
tions, This is usually a cumbersome process.

In this study, both finite difference and finite ele-
ment techniques were employed to check and verify
the correctness of the calculations,

3. Basic equations

The vertical distributions of wind, temperature and
moisture over a homogeneous terrain can be obtained
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from the solution of

the following differential equa-
tions:

1 ep ¢ -
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where the symbols carry the usual meaning. The pressure
gradient terms, #p/ex, gp/ty which specify the nature of
large scale flow can vary with altitude. By specifying
appropriately the eddy coefficient K (assumed to be the
same for heat, momentum and moisture transfer)
we can obtain analytical solutions. With appropriate
boundary conditions and for constant K the above
equations yield Ekman solutions. However, in the real
atmosphere, the eddy coefficient is a function of altitude,
stability parameter. roughness length and shear of the
basic wind. The specification of K including the above
mentioned parameters is not unique. For our calcula-
tion, we have used Blackadar (1962) formulation as

below :
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where, I = k, (z + z,) [ [1 + ko (z 4 z3)/A
A=0,00027 v, [ f, V =12 + 2, o =
k,= 0.4and z;, = 0.1

Since the eddy coeflicient is assumed to be positive the
absolute value of gV/7z is used. However, we have
found in our experience, in order to have a smooth
variation of X over the entire domain 7V /72 should be
a8 2 Ap v 2 )
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replaced by the expression l e Ef— i
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The scientific reason for using the above expression is
also given by Torrance er al. (1971). For the simple
case with K constant. Galerkin's technique of weighted
residuals yield (for the first two equations) the following
equations :
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where N; is the test function and integration is over a
finite element. The dependent variables u, v are now
represented over a particular finite element by the
following expressions :
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where, Nj represents a piecewise continuous function
also known as basis function. In this investigation we
have taken both the test and basis function identical
and a quadratic polynomial in z (independent variable)
is used to represent them. Inserting the above expres-
sions into the integrals, integrating by parts we obtain
for i th node

Filuj+ Fiv =0
F3il uj + Fyii vy = Fyi

where,
. , aN; oN;
Fl'Jf—J‘k — —L-4;
C= C=

F,'l = J.N'Af Ni dz
Fyii — — F,il
Fii=— [ N;if 1y dz

In our caluclations, we have taken 39 line elements
each with three nodal points. To have a better resolu-
tion lengths of elements adjacent to earth's surface
are taken to be small and at further distances these
element lengths are increased as shown in Fig. 1. Since
each basis and test function is zero over the domain
except over a particular element, the global integration
can be performed by integrating locally over each ele-
ment. Repeating the procedure for N grid points (N
clements) a system of N equations with & unknowns
are generated. Thus for the entire domain under consi-
deration we can write the basic equations ina compact
form :

[F1[v] = (D]

where [F] is a matrix consisting of Fy. F,. F,, F, expres-
sions defined above, [D] and [F] are column vectors
consisting of constants and unknown variables « and v.
The imposed boundary conditions are included in the
column vector [D].

We have imposed the following boundary conditions
for the problem

w=0,v=080=46, =0, at z=0
u=1,,v=0 0=20; Q=0 at z =
where, H is the height of planetary boundary layer,

P

Jity = — R and f'is coriolis parameter. In a simi-

lar manner, now including the variation of K with height
the basic equations can be written:

J.N,. [_83: (K%)—fv} —

0 oy
Ni 1oz KE_Z —Jfu -+ fug tdz =0
which can be reduced as before to a matrix form:

[F1[V] = [D]




FINITE ELEMENT TECHNIQUE FOR SOLVING P,B.L. EQNS.
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Since K is a variable and function of = the matrix coeffi-
cients containing K should be evaluated at all nodal
points to include shear of basic wind and the stability
parameter, R;. The same interpolation function N;
was used for K in this analysis.

An identical approach is made use of to evaluate
temperature and humidity profile in the entire domain.
With K as constant, the temperature and humidity
equations can be solved separately. However, with K
as a function of stability parameter and the shear of the
basic wind for each iteration u, v components are evalua-
ted first and substituting these in the K expression tem-
perature and humidity equations are solved. The
Richardson number (R;) is assumed to be constant
with height and equal to the average value between sur-
face and 100 metres.

4. Results and discussion

For computations we have used the following values
for the variables :

i; = 1000 cm/sec;
f=0.98 x 16— sec—!

v, = 0;

0, = 303°A: 8, = 309°A;
Q, = ldg/kg;

On = 12g/ke.

To test the validity of finite element technique few runs
were made with different values of K which can vary over
large range. By varying the size of finite elements the
accuracy of adopted technique is tested. Typical
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results are given in accompanying figures. Fig. | shows
the structure of line elements in the domain considered.
In our simplest case, the elements are simple line ele-
ments also colinear. Fig. 2and Fig. 3 show the increase
in accuracy of calculations with increase in mesh size
for K-=5 x 10* cm®/sec and K — 10! ¢cm?/sec. For
comparison purposes results obtained using analytical
formulae are also shown.

The temperature and humidity profile obtained with
different values of K are shown in Figs. 4 & 5. The results
obtained using finite element technique and finite
difference method is compared in Fig. 6.

5. Summary and conclusion

With the results obtained it is clear finite element
technique has comparable  accuracy with the finite
difference and  analytical results.  The calculations
show the versatility of the adopted technique for ap-
plication to atmospheric science  problems. calcula-
tions are in progress with the formulation to include

advection terms in our equations. However, it has
been found in our experience finite clement techni-
que require more computational time than finite diffe-
rence technique.
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