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ABSTRACT. The repetitive behaviour of seasonal weather has boen studied earlier by “many using & varie

of m ithem itical and probability models. The present paper proposes to investi
metric models for wet and dry spel o

Markov-dependent tEQO
duration serves as the data-base for the study.

te the empirical validity ?f

and weather cycles. The daily rainfall of 50 years’

The necessary formulae based on the geometric probability models usin Markovian probabiliti
and wet days, are given for lengths of dry spells, wet ug:cl'ls and {ret- dry mt.l\gr cycles, pe Y

The data, as judged by x*-test, scem1 to fis better for wat-spolls than for dry spolls.

1. Introduction

The repetitive behaviour or seasonal weather has
always fascinated meteorologists and statisticians
alike : moteorologists seeking physical explanations
for such phenomena and statisticians in exploring
possibilities of mndel building to explain the obser-
ved phenomena. Such modelsserve the important
function of providing an orderly basis and permit
further use of the deductive power of mathematics
to reach conclusions that could not be reached
otherwise and may even provide clues to physical
understanding of the complex phenomena. Among
the earlier studies may be mentioned the work of
Cochran (1938) who proposed a probability model,
based on the ‘theory of runs’ to study the ‘persis-
tancy’ behaviour of rainy days while others like
Gabriel and Neumann (1957) suggested a geometric
distribution as a suitable model for wet and dry
weather spells : yet others like Gabriel and
Neumann (1962), Ramabhadran (1954) and Basu
(1971) considered empirical evidence to find out the
suitability or otherwise of some of these proposi-
tions.

The present study is intended to seek empirical
evidence to study the suitability or otherwise of a
Markov-based geometric model for representing
daily rainfall ocourrence at Hebbal (a village near
Bangalore), where a major research station under
the University of Agricultural Sciences, Bangalore
is located.

2. Method used

For the purposes of the present study, a wet spell
of length w days is defined as a sequence of w wet
days followed and preceded by dry days and
a dry spell of d days as a sequence of d dry-days
followed and preceded by wet days. An occur-
rence of a wet-spell and an adjacent dry-spell
(or vice versa) together constitutes a weather

cyole and their total length defining the length of
the weather cycle itself,

The probabilities of obtaining these three events—
a wet-spell of length w days, a dry-spell of length

. ddaysand a weather-cycle of length n days can—

be constructed from the Markovian-dependent
geometric models. The probability generating
expression for wets-pell lengih (2), dry-spell length
(y) and weather eycle length (z) are:

P(::u) = [’rlu.'-‘, ]"—1 [ 1—"(0/ ) ] (1)
Py=a = [To/p 147 [ 1—"0ip ] 2)

Pi=w) =["0lwy ] [ wip)] X

[ty ))* 2 —[m0) )] '_l}
[Melw] — [mMoin)

(3)

Here,
Pz—p = Probability of a wet-spell of
length w days
P(y=q) = Probability of a dry-spell of
length d days,
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P—n) = Probability of weather cvele of
length » days. ,

Tw)w) = The conditional probability that
a day is a wet (rainy) dayv given
that the immediate preceding day
was a wet day.

m = The conditional probability that a
(p/D) ) JEL
day is a dry day given that the
immediate, preceding day was a dry
day.

Mpiw) = 1—7w/'w)
M/ p) = 1—m(p, ) (4)

Expressions (1) through (4) are emplayed later
to obtain the expected frequencies for wet spells,
dry spells, wet-dry weather cycles of varied lengths
for Hebbal data.

It is possible further to prediet in advance the
a priori probabilities of a rainy day (or a dry day)
days after a rainy (or a dry) day. These pro-
babilities and their complementaries are given in
expressions (5) through (8). These expressions

are :
l—ﬂ‘w‘w) ]
=| g——o___ Ix
i [ 2— Tael w) — T(py p)
X [Tuayie) =+ 0 ph—178-1-
1 — ) ]
i —————— D e it 5
_}-[ 2 — T(wiw) — T D) ( )
1— (1) D)
| —
Roin 2-— Tw/ w) — (7 1))

X [W(m,'w) + D/ D) — ]]k'f'
V - 1 — Mo, )
+ - (6)

2 — /) — 70 1)

THDIw) = 1 =T 0) (7)

Thw/p) = 1 —myp/ ) (8)
where,

(/) = the conditional probability that a day, %
days after a wet dayv, would he a rainy

day.

7 p/ p) = the conditional probability that a day,
kdays after a dry day, would he a d ry

day.

mipjw) = the conditional probability that a day,
after a dry day would he a wet day.

7w py= the conditional probability that a day,
k days after a wet day, would he a
rainy day.

* The month of Junc Whioh was or
from the rest.

iginally included was later disearded since the actu

In the present study, these formulae are employ-
ed only for -three-specific values of k, viz., k=2, 3
and 4 to test if the basic assumptions of Markovian
independencs are satisfied by the observed data for
preceding days other than the immediate one of
the actual day.

The data vsed in the present study is the daily
rainfall records for the months, J uly, August and
September* for fifiy vears covering a period from
1920 t0 1969. The following definitions have been
employed,

(1) A day receiving 0.05” (or 5 cents) of rainfall
between 08 30 A.M. to 08 30 A.M. of the following
day is defined as a rainy day or a wet day. Other-
wice the day is counted as a dry day.

(2) A wet spell (or a dry spell) which overlaps
hetween two adjacent months is assigned to that
month which shares longer than half its total
length, In case of equality, it is arbitrarily assigned
to the previous month,

(3) In case of weather cycles, the whole length of
the cycle which overlaps between two adjacent
months is assigned to that month which shares
more than half its length. In case of equality, it is
arbitrarily assigned to the previous month. The
above rules for the assignments of spells and cycles
to different months, we believe sre likely to intro-
duce little or no bias in the long—run, as a result of
the random characteristics ansociated with the mid-
points of the spells and cycle lengths.

The conditional

probabilities  s(,,), D/ D)y
Tipjwy ANy

which serve as the bhasic
elements in all the foregoing formulae are esti-
mated separately for each month, July, August,
September, utilizing the corresponding ohserved
frequencies of these events hased on 5O years of
daily rvainfall data for Hebbal region, Bangalore,
These estimates along with the obgerved frequen-
cies are reported in Table 1. For instance the con.
ditional probability ) that a day would he
a wet day given that the preceding day waga
wet day is given by the ratio 262/(262-1-265)
=0.4972. Similarly my ;). is estimated by the
ratio  755/(268--755)= 0.7380 ete. Table 1 also
reports the unconditional hinomial probability of
a8 wet (or dry) day regardless of the condition
whetber the preceding day was a wet dayora dry
day. Fer instance, the probability of a wet day
for July is given by the ratio 530/(5304-1020)=
0.3419. Frem Table 1, it may he noted that the
corresponding probabilities for July, August and
September are close to each other in their values;

al estimate differed sigrificantly
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TABLE 1
Relative frequencies for obtaining conditional probabilities

223

Frequency Conditional
(Actual Day) probabilities
Month i A -
Wet Dry  Wet Dry
Jul (preceding Wet 262 266 -4972 -5028
day) Dry 268 756 -2620 -7380
Total 530 1020 -3419  -6G58L*
Aug Wet 273 279 -4946 - - 5054
Dry 280 718 -2806 -719%4
Total 553 997 -3667 -6433*
Sep Wet 2569 235 -5243  -4757
Dry 240 766 -2386 -7614
Total 499 1001 -3326 -6674*
Jul to Sep Wet 94 779 -5048 4952
Dry 788 2239 -2603 7397
Total 1582 3018 -3430 -6561*

* These are the unconditional binomial probabilities for
wet and dry days respectively

as such pooled-estimates for each of the four pro-
babilities /) ete, are also computed by pooling
the corresponding frequencies for July, August and
September. These pooled estimates are also re-
ported in Table 1.

Incidentally it may be noted that the differ-
ences between the conditional probabilities and the
corresponding unconditional binomial probabilities
are very pronounced.

By employing these probabilities in (1) and (2)
one can generate the expected relative frequencies
for the lengths of wet spellsand dry spells respeoti-
vely and which, when multiplied by the appro-
priate sample sizes will result in the expected
frequencies for lengths of wet and dry spells.
These expected frequencies along with the observed
ones are reported in Tables 2 (a) and 2 (b). From
the these tables, the following observations may be
made regarding wet and dry spells.

(¢) Wet-spells

From Table 2 (a), one would note a general _
agreement between the observed and the predicted
frequencies for wet-spells of varied lengths for
each of the three months July, August and Sep-
tember, although the degree of agreement 18
better in the case of July and August than in the
case of September. The observed x? values in all
the three cases are, however, non-significant at

5 per cent level (P> .5 for July, P>-.3 for August
and P> .05 for September) and suggest that the
discrepancies between the observed and the pre-
dicted frequencies could arise due to chance factors.
Thus, in general, a Markov-based geometric mode]
seems to fit well for the prediction of wet spells,

(42) Dry-spells

Unlike the wet spells, the dry spells do not seem
to conform to the geometric model as solely judged
from the final 2 values for each of the three
months and for the consolidated period, although
for the month of July, x* is not significant.
However, a noteworthy feature in these
cases is that the observed frequencies are
much in excess of the expected frequencies (based
on geometric model) only at the end points, (viz.,
the short and long dry spells) which together,
contribute nearly 50 per cent to the total observed
x2 value ; about 7.89 out of 15.13 in July, 14.90
out of 28.52 in August, 18.39 out of 33.01 in
September and 53.49 out of 95.59 for the consoli-
dated period, July to September.

Although it is hard to disregard this evidence
against the assumed geometric distribution model
for dry spells, we should also bear in mind, the
possible implications of the arbitrariness in the
definition of a dry day which includes all days with
a rain of less than 0.05". But the model itself does
not theoretically presume this dependence. This
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TABLE 2 (a)

Observed and expected frequencies of wet spelis

TABLE 3
Probabllities for a wet and dry days computed using (9)

Consolidated
Wet Jul Aug Sep (Jul-Sep)
—Pe——y ¢ Ay s A Y A
0 E 0 E 0 E E
1 136 136-3 144 139-5 130 123-5 410 388-5
2 72 67-8 66 69-0 47 59+4 185 196-2
3 33 33-7 35 341 22 286 90 97-2
4 14 16-7 11 16-9 19 13-8 44 48-1
5 5 8-3 7 84 10 &6 22 23-1
6 11* 8.2 13* 81 10* G-1 19 11-8
7 6 659
8 9t 14-2
Total 271 271 276 276 238 238 785 785
xt 4-12 4-38 10-03 8:55
d.f. 5 5 5 7
P 0-50-0-70 0-30-0-50  0-05-0-10  0-20-0-30
* Spells >> 6 days 1 Spells = 8 days
0-0Observed E-Expected
TABLE 2 (b)
Observed and expected frequancies of dry spells
Consolidated
Dry Jul Aug Sep (Jul-Sep)
—t— — M —r—— —
0 E 0 E 0 E 0 E
1 91 67-9 105 78-0 86 67-5 282 202-5
2 43 50-1 58 56-1 45 43-8 146 149-8
3 33 37-0 20 40-4 21 33-3 83 110-8
4 20 27-3 21 29-0 19 25-4 60 82-0
5 17 20-1 11 20-9 14 19-3 42 60-6
6 14 14-9 11 15*0 8 14-7 33 44-8
7 9 11-0 7 10-8 6 11-2 22 33-2
8 9 8-1 9 178 9 85 27 24.5
9 3 60 4 56 4 6-5 11 18-2
10 7 44 231 14-4 4 4-9 16 13-4
11 131 12:2 241 14-9 0 99
12 11 17-3
13 12 b5-4
14 34* 15-6
Total 259 259 278 278 240 240 778 778
@ 15-31 28-52 33-01 95-59
d.f. 10 9 10 13
f o 0-10-0-20 0-001 0-001 0.001
tSpellaz= 11 $Spells>>10  * Spells 3= 14

Jul Aug Sep Jul-Sep
P (Wetday) 4898 5025 5169 <5025
P (Dry day) <7290 «7191 ~7561 <7355

needs further investigation. However, the closer
agreement between the observed and the expected
frequencies in all other dry spell lengths is also a
worthy point to note in the present situation.

It may be recalled here that the Markovian
dependence of basic probabilities is not a precondi-
tion for the geometric distribution per se. In
other words, we can estimate the probability of a
wet day (ora dry day) directly from the observed
frequency distribution for wet (or dry) spells via
the assumption of a geometric distribution. Tn fact,
if U has a geometric distribution, viz.,

Py == pt1 (1—p) k=1,2......
Then
=1 whe L
Ew) = 1—__3) , Var ()= (1—p)p (9

Then for wet-spells p is the probability of a wet
day and for dry-spells, the same represents the
probability of a dry day. The maximum likelihood
estimates of these probabilities may be obtained
from the reciprocal values of the sample means of
the respective observed frequency distributions.
These estimates are computed for the present data
(Table 2) for different months and are reported in
Table 3,

Surprisingly we note that these estimates are
closer to the conditional probabilities obtained
in Table 1 under Markovian assumption and at the
same time considerably different from the wun-
conditional binomial probabilities reported in the
same table, this being true for the case of every
month as well as for the consolidated period. This
isa good finding indeed and is a good pointer for the
possible validity of the basic Markovian assumption
regarding weather spells,

(i1t) Weather cycles

As mentioned earlier, weather cycles are defined
as the occurrence of wet and dry (or dry and wet)
spells in succession. Table 4 reports the observed
and the expected frequencies for wet-dry and dry-
wet cycles, To obtain the expected frequencies
the estimates of the basic probabilities reported
in Table 1 are employed in (5)&(6) and the result-
ing probabilities multiplied by the ohserved
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Fig. 1, Observed and expected frequencies of (a) wet-dry b:rnd (b) dry-wet cycles for the months of July,

August and

sample sizes, However it may be noted that, due to
the symmetry of the expression (3) in m,y)
m(pp) the probabilities for different lengths of cyeles
would remain the same for wet-dry and dry-wet
cycles, although the actual expected frequencies
could be different due to the marginal differences in
sample sizes, Fig. 1 shows the graph of the
expected and the observed frequencies for weather
cycles for the consolidated period, July to Sep-
tember.

As judged solely from the x® values, the wet-dry
and the dry-wet cycles do not appear to conform to
the model (3) (x*-values not reported here),
A finding similar to the case of dry spells seem to
operate herealso. Again, as observed elsewherein
the case of dry spell, the contributions, to x*-values
from very short and very long eycles are substantial
in this case also. Otherwise the agreement
between the observed and the expected frequencies
seems reasonable.

In any of the foregoing analyses, we have not
tested directly for the fundamental Markovian
assumption, viz,, the dependence of the occurrence
of an event only on the outcome of the immediate
preceding day but not on further preceding days. If
this assumption is true, one should expect reason-
able correspondence between observed frequencies
and predicted frequencies based on the Markovian
probabilities of future events given by the ex-
pressions (56) through (8).

The observed frequencies and the predicted
frequencies of wet (or dry) days k days after a wet
(or dry) day are also worked out for three specific
values of k= 2, 3 and 4. The values, together with
the ¥* values are reported in Table 4.

As is evident from the x* values, the goodness
of fit between the observed and the expected fre-

Septem

TABLE 4

The observed and the expected frequencies (to the nearest
whole No.) and the x* value for each row

Observed Expected
ey

x}o( ld.f.:

T 680

w '_—*--—Fﬁ row
et Dry Wet Dry

k=2
Wet 332 343 259 416 33-3
Dry 357 708 345 720 0-62
=3
Wet 323 373 247 449 86-7
Dry 368 693 360 701 0-256
k=4
Wet 309 401 246 464 244
Dry 395 670 366 699 359

quencies is very poor in the case of wet days
and reverse is true in the case of dry days. The
breakdown in the case of wet days may likely to
raise some doubts as to the validity of a Markovian
assumption, if not against the geometric model
itself. However for a large mass of data of the
present type, accumulated over a long period of

years, the influence of many extraneous factors
affeoting the reliability and uniformity of data can-
not be ruled out. Further the arbitrariness in the
definition of a wet day, athough not implied by the
conditions of the model nevertheless affect the out-
come of the results, thus affecting the judgement
about the validity of the models and their basic
assumptions. Putting all the factors together and
bearing in mind some of the inadequacies in
the data-base itself, a geometric distribution
model for weather spells and a Markovian type
dependence of weather occurrence is not too un-
reasonable,
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