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Experiments with the balance equation

M. C. SHARMA and M, (. SINHA
Meteorolegical Office, Poona

ABSTRACT. Numerical experiments were performed to solve the balance equation for obtaining the stream
function from the geopotential field. The balance-wind derived from the balance-¢ i8 then compared with geostrophic
wind. It is observed that the computed balance-wind appears to be a better approximation to the observed wind field
than the geostrophic wind derived from the observed geopotential.

1. Introduction

In numerical forecast one needs a wind for the
advection of absolute vorticity. This advective
wind could be obtained either through stream
function computed from the direct analysis of
the wind field or with the help of geostrophic
assumption or through the balance equation.

Several workers (Bolin 1955, 1956; Charney
1955; Shuman 1957; Miyakoda 1956, 1960) have
suggested the use of balance wind derived from
balance equation rather than the use of geostro-
phic wind for prognostic models.

Ramanathan et al. (1971) solved the reverse
balance equation to compute the wind vector
values at grid points and then compared the
geopotential field from the analysis of the wind
field over the Indian region. In this diagnostic
study the authors have taken the geopotential
field as the basic input and have solved the halance
equation for the stream function field. The
objective is to find out whether such a derived
stream function is able to represent the observed
wind field so as to use this subsequently in a
prognostic model.

2. Balance equation

Charney (1955) has expressed the most general
relation between pressure (contour heights or
geopotential) and winds in the form of the balance
equation, which is a special form of the divergence
equation. It may be written as,

20(w,0) +——(fo) — ai_,,(f“)=v’¢ )

where,
¢ is the geopotential
w is the zonal component of the wind
v is the meridional component of the wind

f is the coriolis parameter and

J is the Jacobian operator.

If ¢ is defined to be the stream function, then
the non-divergent velocity components will be
given by '

2

Tnsertion of (2) into (1) leads to the so called
Monge-Ampere equation as,

u=—-ai-and v= -Ef-
ay @

2 (s thyy— $er®) +;"; (f92)

a = T2
+ 3 (féy) = V% (3)
where,
Y _ % %
*:— 3—3’ 3‘;3 _?z?’ 'ﬁzy— 333!’ @ (4)
It A= (2 s ‘1) mc13=(ﬂ‘_£)
a2z 3y x 3y

are shearing stresses and deformations (Petterssen
1956) respectively, then they may also be written
in terms of partial derivatives of g as,

A=¢s—py and B= — 2%,
Introducing these relations into (3) we have
(VYR — (L2 +B)] +f V% + 1
+ iy = V%
and solving for 7%, we have
V= —f£[2V% +f? +(4 + BY

— 2 (fabo + Sy
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1971 at 00 GMT

(a) Contours for 500 mb

(b) Streamlines and isotachs for 500 mb

Fig. 2. Case I} 7 Julyj1963 at 1200 GMT
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So far as the large scale disturbance is congerned,
the solution of positive sign should be taken in the
northern hemisphere and that of negative sign in
southern hemisphere (Miyakoda 1960)

V4 =—f+[2V% + 2+ (42 + B?)
—2 (\fuhs + Sty ) V2
Putting Gi=% (f:: ¥ +fb’¢!l)’

then V2 = —f 4 [2V% + /2 +
(424 BY) — C P2 (5)

for real values of i, we must have
2V% +f*+ (42 +B)—C >0 (6)
3. Data and region of study

We have studied two synoptic situation—(Cases
T and II. In Case I the data used was of 500 mb
on 19 May 1971 (00 GMT). The region of study was
from 2° to 44°N and 60° to 102°E. The contour
analysis and the streamline isotach analysis are
given in Figs. 1(a) and 1(b) respectively. In Case IT
the data used was of 500 mb on 7 July 1963
(12 GMT). The region of study was from 7.5° to
45°N and 50° to 100°E. The contour analysis and
the streamline isotach analysis are given in Figs.
2(a) and 2(h) respectively.

4, Method of solving the balance equation

Various techniques of solving balance equation
are suggested by different workers. Mention may
be made of Shuman (1957), Bolin (1956), Miyakoda
(1956, 1960), Bushby and Huckle (1956), Bring
and Charasch (1958) etc. Here we have mainly
followed the method “C” of Miyakoda (1960), which
uses the finite differencing scheme as suggested by
Bring and Charasch (1958).

4.1. Ellipticity condition

Eq. (3) is the Monge-Ampére equation and can
be solved under the condition of ellipticity (Bolin
1956) given by,

e 1
f ¥

which may also be writen as,
2V% + 12— 2 e +fydhy) >0

The corresponding condition for the Eq. (5) is,
AV +f2—C >0 (1)

From the Eq. (5), a restriction on 4 is nece-
ssary, d.e., the radicand must not be negative.
Since (A4*+4-B?) in Bq. (5) is necessarily positive
(2 V3% + f* — C) must also be positive for y to
be real which is incidentally also the condition of
ellipticity of the balance equation,

vf.v¢.>_?f

In the actual atmosphere, the condition (7) may
not be satisfied around the antieyclones, In those
circumstances Shuman (1957) suggested to modi-
fy the ¢ field so that the criterion (6) of ellipticity
may be satisfied. Such a procedure would be re-
quired for those points where the first two terms
of Eq. (7) are small and C is sufficiently positive
to violate the condition (7) which in turn makes the
radicand (6) negative. This can be handled by sub-
stituting zero for the radicand in (6) where the con-
dition is violated. By enforcing this condition, ¢
can be solved from (5) for real values by rela-
xation methods. In the course of our compu-
tations, the ellipticity condition failed at about 12
per cent points in Case I and at no points in (ase IT,
In the Case I the condition failed in the anticy-
clonic region of streamlines (Miyakoda 1960), In
the Case II, since the flow was dominated by the
monsoon trough and anticyclones were absent in
the field, the ellipticity condition was not violated
in the initial data itself.

4.2. Differencing scheme for determining
( 4%+ B? and C).

Four methods were discussed by Miyakoda
(1960) to determine (42 + B%*)and C. He has
recommended the method C' to determine (A2 -
B?) based on rotated mesh through 45° as in
Fig. 3, because (A2 -} B%) is invariant (Petter-
ssen 1956) with respect to the rotation of coordi-
nates and also satisfies the Gaussian theorem.
Since the Laplacian is also invariant, all the terms
in (4% + B?) can be calculated with the rotated
mesh.

Expressing 4 and B in terms of partial deriva-
tives of ¢ , as defined by (4) after some manipula-
lation of the terms we may write,

A 4 B = (V) — 4 [fra Pyy— ¥is” ]

If d is the grid length, « the latitude and d cos «
the latitude correction, (42 - B?) can be written
in the difference form with reference to
Fig. 3 as,

A2+ B > 4 [+ by + ¥+ — 404
— (o + $s —240) (bs-+Ir—2)

— (P +Pg—P—9)*}]/ {@* (1 + cos® a)}?

To keep the mathematical consistency of the
Eq. (5), the difference equation for C' was also
determined with the help of Fig, 3 and C takes the

form as,

C>[fsi—Fo) Ws+ds—2%) + (i f)
(7 + s — 200))/d*(1 + cos® «)
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Fig. 3

4.3. Solution of difference equation

The technique of solving the difference equation
is the same as suggested by Miyakoda (1960) which
Shuman (1957) refers as ‘('vele Sean’ method, with
slight variation. Eq. (5) may be written as,

V% = —f+12 V% + (42 + B)—
(8)
where g is the value of gravity which is taken as

9-8 m sec— 2 The R H.S. of Eq. (8) is the forcing
function for the solution of the Poisson equation,

V=0 (9

o is calenlated from Eq. (8) using ¢" where " is the
nth iterative value, and then, Poisson Eq. (9)
is solved by relaxation method. The solution
corresponds to Yn+1, then ¢*+1 i inserted into Eq,
(8).  This procedure is repeated until (y 11 — ")
converges to a certain small value. which is dis-
cussed in the next section,

The initial guess of ¢ was taken as,
$=1(9//)=
wheref_ié the mean coriolis parameter of the region.

4.4, Grid length and convergence criterion

Different grid lengths were used in the two
cases with latitude correction. In Case T, the length
used was 3° latitude and in Case TT the grid length
used was 2.5° latitude,

The convergence criterion for (9) was taken to
be

(gn+1—3")<10 cm

Q |~

4.5. Boundary conditions

The values of ¢ at the boundaries were prescri-
bed as i =( g | f) 2 for solving the balance equation
as depicted in Eq. (8).

5. Discussion

The halance-y was computed for two synoptic
situations and the same was used to determine
the balance wind components ( w, and @, ).  The
geostrophic wind components ( u,and v, ) were
also computed from the original data. The follow-
ing comparisons were made.

(7) Zonal and meridional components of the
actual wind against the geostrophic wind
hagsed on the original geopotential field.

(#) Zonal and meridional components of the
actual wind against the computed bala-
nee wind.

The comparisons were made in terms of the root
mean square deviations (i) along the latitudes,
(#3) along the longitudes and (4i1) for the whole
area. These deviations have been summarised in
Tables 1 and 2 for Cases I and II respectively. A
brief discussion of the results is given below for
each case.

5.1. Case I : 19 May 1971 at 00 GMT

5.1.1. Actual wind against geostrophic wind—
(#) The Root Mean Square Deviations (R.M.B.D.)
hetween the actual wind components and the geo-
strophic wind components are larger for the lower
latitudes, 7. e., for latitudes 8°N and 11°N and
(4i) the RM.8.D. of the nieridional components
are larger in comparison to the diviations of the
zonal components, hoth latitude and longitude-
wise as well as for the whole aroa.

5.1.2. Actual wind against compuled balance
wind —(i) The R.M.8.D. of the zonal compo-
nents as well as the meridional components are
almost equal along the latitudes, the longitudes
as well as for the whole area and (i) the
R. M. 8. D. between the actual wind and the
balance wind are about. 33 per cent less for the
zonal components and about 50 per eent less for
the meridional component in comparison to the
R. M. 8. D. between the corresponding compo=
nents of the actual wind and the geostrophic wind.

5.2. CaseIl: 7 July 1963 at 12 GMT

5.2.1. Actual wind against geostrophic wind —
(#) The R. M. 8. D. of the zonal components are
somewhat larger in comparison to the R.M.B.D.
of the meridional components along the latitudes,
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TABLE 1(a)
R.M.S.D. from actuals for Case I latitudinally

Lat. (°N)

For
whole

20 23

26 region

Geostrophic wind components

94 66

13-8 9:6 G5

10-9

76 8.2 38

86 10-1 3¢9

Balance wind componenis

75 96

10-56 95

11-5
86

643 76 Ge2

87

83

8.1 b6 Heb

TABLE

1(h)

R.M.S.D. from actuals for Case I longitudinally

Long.

for
whole

(°E)

5 8 81

84 region

Geostraphic wind components

11-1
78

10+0
12-7

79
16+6

(ug—*

{(g—n)*

T4
125

79
88

Balance wind components

96
6.0

T2
99

99
9-8

(ub—u)?
(o—)?

52
5e0

T4
8«6

the longitudes as well as for the whole area aud (i)
the R. M. 8. D. are of smaller magnitude in com-
parison to the corresponding R. M. 8. D. in Case I.

5.2.2. Actual wind against computed balance
wind — (i) The R. M. 8. D. of the zonal and meri-
dional components are of comparable magnitudes
along the latitudes, the longitudes as well as for
the whole area and (i) the R. M. 8. D. for the zonal
components is lower by aboat 15 per cent and that
of meridional component is lower by about 10
per cent in comparison to the corresponding R.M.
8.D. for the geostrophic case.

In the study of Case T, for the actual wind
against the geostrophic wind, the meridional
components are found to be larger in comparison
to the zonal components, This is so, because the
flow is strongly meridional over the area under the
influence of a large amplitude trough in the wes-
terlies, whereas such a synoptic feature is absent
in the Case TI.

6. Conglusion

The important result of this study is that in both
the cases we find the balance wind is a better
approximation of the actual wind in comparison
to the geostrophic wind as expected. This also
shows that the numerical procedure adopted for
golving the balance equation is quite satisfactory
and has given the expected results even when we
started from the geopotential field, which is
known for its weak gradient and incorrect values
in the tropics.

Thus, it is coucluded that the non-divergent
wind which is obtained by following this procedure
approaches more nearly to the actual wind in
comparison to the geostrophic wind. This wind,
s0 determined, when used in the forecast models
is expected to improve the numerical forecast in
the Indian region.
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TABLE 2(a)
R.M.S.D. from actuals for Case II latitudinally

Lat. (°N;

Compo- r % - For
nent 12+5 150 175 20-0 22.5 25.0 27-5 30-0 32-5 36.0 37-5 40-0 whole
region

(u g—u)?® Geostrophic wind components
Ted T3 10-4 63 77 8.3 9-4 6-6 12-7 10-4 9.2 135 9:3
(q—wii G5 47 34 35 51 G2 4.8 11-0 11-3 76 80 90 7.2
Balance wind components
(ub—u)? 9«9 87 97 3.0 442 G5 549 6-6 9.4 87 9.1 10-3 7-9
(vb—)? G=7 4.6 32 2.7 4.8 60 73 7.9 10-1 7.7 5.6 8.6 6+5
TABLE 2 (b)
R.M.S.D. from actuals for Case II longitudinally
O Long. (°E) For
nen‘lzo- 0 swhole

5540 5745 60-0 62:5 65+0 67:5 70-0 725 T5:0 77-5 80:0 825 S$5-0 87-5 90-0 925 95-0 region

Geostropaic wind components
(tg—u)®3+8 5:2 55 62 80 1000 12.1 100 97 97 10:4 10:2 9:6 101 10-5 11-5 11:0 9.3
(v—0)2 4:0 3.7 4-4 40 80 09 95 T8 87 02 98 82 62 45 5e8  5ed 82 Te2
Balance wind components
(ub—u)r4+0 39 2:7 27 44 65 89 90 85 90 92 94 090 97 95 10-2 10:3 749
(ﬁl 50 23 2.2 4.0 82 9.1 102 7.7 7.7 70 77T G4 61 621 61 54 G5 65
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