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A two dimensional mathematical model

of a tropical cyclone

We. Cor. S. LAKSHMINARAYANAN
Indian Air Force Station, Cotmbatore

ABSTRACT. A two dimensional mathematical medel of a tropical eyclcne is developed. Tt appears to represent
closely the observed features of velocity, verticity and divergence fields at surface in a tropical cyelone.

1. Introduetion

The mathematical models based on Rarkine's
vortex and modifications thereof do not explain
all the observed features of wind field in a tropical
cyclone. Further, the theoretical soundness is
questioned by Riehl (1954) whose book on
Tropical Meteorology is referred to for an excellent
discussion on this topic.

The author hypothesises that the tropieal
cyclonic storm constitutes a Helmholtz dyna-
mical system. The characteristics of Helm-
holtz dynamical system have been established
by the author in a separate un-published paper.
On the basis of the hypothesis, a two dimen-
sional mathematical model is proposed. With
the help of a worked example, it is shown that
the model fits well with the observed features
of wind field in a tropical cyclone.

2. Velocity field at the suface in a tropical cyclonic storm

Ring of strong wind—The most striking feature of
a tropical eyclonic storm is the ring of very strong
wind around the centre. Fig. 1is a schematic
reproduction of total wind speed as given by Riehl
(1950). The isotachs of speed have a horse-shoe
pattern enclosing the region of maximum wind.
The Maximum wind is different in different direc-
tions fromthe centre,

Strean line pattern—Fig. 2 is a schematic reprodue-
tion of streamlines in tropical cyclonic storm (ba-
sed on Fig. 11.26 at p, 311 of Riehl's Tropicel
Meteorology). The two important features are: (i)
in-flow, characteristios towards the centre of the
storm and (ii) a ‘col’ region to the southwest of
the centre.

Divergence field—Fig. 3 gives the profile of diver-
gence (based on Fig, 11.7 at p. 290 of Riehl). Do-
tted line represents extrapolation by the author.
The important features are (i) maximum of ¢on-
vergence at the centre, (i7) a ring of non-diver-

goncaround eentre, (##4) maximum of divergence
and (iv) the divergence vanishing towards the
periphery of the storm.

Vorticity field—Fig. 4 is a schematic representation
of vorticity and the dotted line is extrapolation
and modification by the author. The solid line is
based on Fig. 11.7 at pp. 290 of Riehl (1950),
The important features are —

(#) Maximum vorticity at the centre,

(#) Vorticity vanishing towards the peri-
phery,

(#i) Minimum vorticity and

() A ring of zero vorticity around the

centre,

The author deviates from the observations
given by Riehl in this aspect for reasons to he
oxplained later,

For purposes of modelling, the important
features as in Table 1 are taken. It may be noted
that except in the vorticity field, all the fea-
tures are based on observations,

3. Hypothesis

To define a dynamical system, either the force
field or the potential field is required. It is hypo-
thesised that the potential energy density ¥, asso-
ciated with the mean desnsity p, of the fluid in
the case of a two dimensional tropical cyclone is
defined as :

Va = (42 + B*) p,, F ¢ (1)

where A4 and B are constants,
_ 12 4B
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Fig. 1. Total wind speed (kt) near 1000 ft for moving
storm. Arrows indicates movement of storm
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Fig. 3. Profile of horizontal divergence Fig. 4. Profile of voiticity
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Fig. 5. Spiralling streamline pattern Figs 6, Spiralling streamline pattern in a cyclone
with superposed ll_miform E’ly current of
0 mps
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TABLE 1
Character Features Remarks
Streamline (1) Spiralling flow in- Based on observa-
pattern wards terminating tions
at the centre
(ii) A ‘col’ region to Do.
the southwest of
centre
Isotach field (i) A ring of strong Do.
winds
(if) Horse-shoe sha- Do.
ped isotachs en-
closing maximum
wind
Divergence {{) Maximum con.  Extrapolation by
vergence at the the author
centre
(#i) Vanishing to- Based on observa-
wards the peri- tions
phery
(i1i) Maximum  of Do.
divegence
(i) A ring of non- Do.
divergence
Vorticity (i) Maximum vorti- ~Extrapolation by

city at the centre

(i) Vanishing towa-
rds the periph-
ery

(iiiy A ring of zero
vorticity arcund
centre

(i¥) Minimum of vor-

the author

Based on observa-
tions

Not observed. Au-
thor's deviation

Do.

ticity with nega-
tive vorticity value

and oy, o, are parameters characterising the poten-
tial energy density field. They can be evaluated
from the ring of maximum wind. With this
hypothesis, it is possible to show that the velocity
field must be of the form

V=4V¢+B(Vé xXk) (2
_id 4 ;2
where 7 _l-ém |- ’ay

i, i, k are unit constant vectors along x, y, z axes
respectively.

The hypothesis can be accepted as tenable
if the velocity field predicted on the basis of
author’s theory corresponds with the actual
velocity field observed in a tropical storm.

4, Characteristics of the mathematical model

The components of velocity « and v are ob-
tained from Eq. (2) and they are as in Eq. (3)

¢ = [-—é?-* E!!] 3*(£’+2_{:’;')

oy ay? 3)
Bz A -t g
el ER I R

specific values of 4, B, o, and o, are chosen ag
under with a view to illustrate the characteristic
of the model.

4 = 2 x 1010
oy = /2 X 107

B = 10 x 10w
=1 x 107
All units are in OGS system.

Using the above values of 4, B, ¢, and o, in
Eq. (3), wand v can be re-written as

2 2
u=(—z—10y) 104exp[_—(.”_ T

20,2 20,2 4
2
v = (50— 2y) 10—“”‘1’['_(2%;5 + 2317:2) ] J( )

w and v arein cm/sec,

Let a uniform easterly current u,, with a speed
of 10% em/sec be superposed on the cyclone, The
velocity components (w*w*)in this case will be

uF = u 4+ up, v =9 (b)
Streamline pattern—Sireamlines can be obtained by

solving differential equation (7)

ay

o b5z — 2y
dz

— )

v
T =

The pattern obtained is given in Fig 5,

It may be noted that the streamlines spiral
inwards with a singular point at the centre of the
co-ordinate system. When a uniform current
is superposed, the streamline pattern can be
obtained by solving Eq. (7)

dy v¥ v
dr ~ w U, (8)

Fig. 6 gives the pattern obtained by super-
posing a uniform easterly current of 10 m/sec,
The effect of superposition is to shift the centre
of the eyclone to the southwest of the original
position.  Furthera ‘col’ region with a point of
neutrality is seen in the same quadrant,

Isctach fieldl—Squaring » and v components and

adding, we get the square of speed |V[2as a function
of z and y as in Eq (9).

- [(-- 2

+ (Bt ]e_( wtE) o

oy oy

Expressing |V|* in polar co-ordinates, we get
[V|® = F (0) r2 e §(6) (10)
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Tig. 7. Speed field in a cyclone. Dotted lines is ring of
max. wind and coatinons lines are isotachs]
(m/sec)

Fig. 8. Speed field in a cyclone with superposed uni-
form ¥’ly current of 10 mps

/‘

Fig. 9. Weak cyclone superposed by a very strong
E’ly current of speed 50 mps —»streamlines

s §  Bsi 2
where F (6) = [( — A"”Z - ‘“:‘9)
oy 0'2
B cos 6 Asin f \2
+ (5Z5F )]
'y 2
cos% sin? 0
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The investigation of maxima/minima of |[]72
can he done by partially differentiating (10)
w.r.t. r and setting (3/5r)[V]? as zero.
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Fig. 10. Field of horizontal divergerce (units of 10-4 [sec)

;3; VR="F(6)2r—22f(8) } 2 J6) (1)

-_—:?-IH2 vanishes at r=0 and r= oc. It also vanishes
or

2 o2
at all points defined by r3f(0) = o s G

2

=1

We note that |V]2iszero at r=0and r = ot and

maxima occur at all points on the curve

%+’_;= 1. Hence the speedfield
01 02 - .

of the model must be characterised by a ring of

satisfying
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strong wind. The ring in this case is an ollipse. Fig.
7 gives the isotach field and the elliptical ring of
strong wind indicated by a dotted line. It may
be noted that the pattern is symmetrical,

Fig. 8 gives isotach field of a cyclone super-
posed by a uniform easterly current of 10 m/sec.
In this case the points of singularity and neu-
trality are characterised by zero speed. A ring
of strong wind encircles the point of singu-
larity. It may be noted that the distribution is
agsymmetrical with stronger windsin the northern
sector as compared to the southern sector.

The effect of superposition merits further
investigation, The easterly current of 10 m/sec
is relatively weak compared to the speed of
wind in a cyclone. If the superposed current is
relatively stronger than the wind at the ring of
strong wind of a cyclone, the resultant pattern
is entirely different. Fig. 9 gives superposition
of a uniform easterly current of 50 m/sec on the
cyclone whose u and » components are scaled
down by a factor of 10. It may be noted that the
point of singularity is wiped out and the ring
of strong wind is broken. Further, the easterly
current is associated with a trough, an isotach
maximum and an isotach minimum. We may
conclude that the manifestation of a cyclone
on the wind field as a spiralling pattern with a
ring of strong wind becomes apparent only when
the intensity of the cyclone is relatively stronger
compared to the supersposing winds.

The divergence'field is given by 7.V=472%
N y? 1 1
e Tl Y

272 2
20 (ﬁ + %22) (12)

Fig. 10 gives the divergence field and Fig. 11
the profile of divergence along x-axis.

The verticity field is given by
wﬂ y2
(VXV).k=— BV%=—B ‘Tg -

1 1 >
(e taa)ioe]~artamy) @
Fig. 12 gives the vorticity field and Fig. 13
the profile of vorticity along x-axis in sec™1,

5. Discussion

The velocity field and its derivative fields
associated with the model exhibit close resemblance
to those seen in actual tropical cyclones, The
vorticity field of the model however differs from
that given by Riehl (1950). There is a necessity
for fresh determinaiton of the vorticity field
experimentally,

Fig. 11. Field of vertical component of vorticity (units
of 10—4/sec)

Representing by V the velocity vector field o
the cyclone and by Vz the velocity vector field o
the superposing current, (sometimes called the
embedding current) we note that the point of
singularity and  the point of neutrality are
obtained by solving the equation.

V 4+ V=0 (14)

A graphical method for solving the above
equation is as follows. Construct isogon charts for
V and Vjp fields separately. Superposing them on
a light table, construct a third chart with lines at
every point of which the difference between the
isogons ig 180° . Similarly construct isotach charts
for V and Vp fields separately. Superposing them on
a light table construct a new chart, i.e., sixth chart
with lines at every point of which the difference
between (V| and |V is zero, Superposing the third
on the sixth chart, we obtain points of inter-
section between lines of the third chart and
lines of the sixth chart. The points are points of
signularity/points of neutrality.

In thespecific case of the model and the unifom
casterly current as the superposing current/
embedding current, The line at every point of
which the difference between the directions is
180°, is the isogon 270°, This is a straight line,

Fig. 14 represents the profile of speed along the
isogon 270°, superposed with a line representing
the uniform easterly current. The points of inter-
sections 8 and N give the point of singularity and
point of neutrality respectively.
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Fig. 12. Profile of horizontal
divergence

It is easily noted that :

(t) The distance of separation between S and
N increases for smaller values of the
easterly current,

(#¢) the distance of separation between 8 and
N is smaller for large value of the
easterly current,

(¢#41) Sand N merge into 2 single point for
an easterly current having the speed
represented as the maximum on the
speed profile for the eyclone along isogon
270° and

() There is no point of intersection for
superposing uniform currents whose speed
is greater than the maximum speed of
cyclone along isogon 270° .

Sherman 1953 stresses the importance of the
point of singularity and the point of neutrality
in the context of huricanes. The approximate
relationship according to Sherman is that the
hyperbolic point is in the left forward quadrant
where left and forward are taken with respect to
the direction of the embedding current, The

1
150

Fig. 13. Profile of vertical
component of vorticity

I i L 1
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Fig. 14. Speed profile along 270° isogon

model makes clear the relationship not only in
the context of the quadrant but alsoin the con-
text of the distance separating the point of sin-
gularity and the point of neutrality.

Tf the boundary were finite and the velocity of
wind were tangential, the system will still be
Helmholtzian and suitable appropriate functions
are to be used.

Since the model’s features correspond with those
observed in reality, it is reasonable to think that
the hypothesis is correct. The potential energy
density, therefore, must be of the form given in
Eq. (1).

Same model ean he used for anticyclones also
with suitable changes in the sign. If 4 and B
were negative clockwise spiralling  outwards
pattern will be obtained.

6. Conclusion

A two dimensional mathematical model hased
on author’s theoretical investigation on Helmho-
ltz dynamical system is shown to have close
semblance with tropical cyclone.
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