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ABSTRACT. An algorithm for computaion of the parameters of a quasi-stationary barotropic planetary
boundary layer (PBL) is discussed. On the basis of the results of a number of numerical experiments, relations
between the observed meteorological fields and the internal paramelers of the PBL have been established. A method
is proposed to parameterize eddy momentum flux and frictional vertical velocity for their use in multi-level primi-

tive equations (PE) models.

1. Introduction

A multi-level PE model is supposed to be the
most general numerical model to study various
phenomena of the atmosphere. In order to undet-
stand the wide complexities of the tropical atmos-
phere and simulation of various special features like
monsoon circulation, infer tropical convergence
zone, Somali jet, tropical cyclones, ete, it is essen-
tial to incorporate various dynamical and physical
aspects into the models through observational,
experimental and theoretical studics.

A few of them are :

(i) initial balancing of meteorological fields;

(ii) inclusion of the influence of orography;

(iii) parameterization of the PBL;

(iv) parameterization of cumulus convection;

(v) inclusion of moisture and radiation 1 num-
erical models.

The planetary bounday layer can have effects
on the entire troposphere. The atmospheric boun-
dary layer supplies roughly 50 per cent of the in-
ternal energy in the atmosphere and a greater part
of the atmospheric kinetic energy is dissipated in
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this layer. In parallel with these processes, the
boundary layer forces vertical velocities and fields
of convergence and divergence in the free atmos-
phere. Kibel (1963) in his investigations found that
the introduction of surface friction in numerical
weather prediction models considerably influences
the forecast results. In the works of Shuman and
Hovermale (1968) and Fischer er al. (1973) the
effect of friction in the PBL was taken into account
in the numerical weather prediction models by
simple parameterization schemes. Berkovich and
Shnaidman (1979) carried out numerical experi-
ments with a hemispheric prognostic model taking
into account of the PBL effects by using frictional
vertical velocity, for forecasting meteorological
fields.

For operational use, a simple and physically
sound scheme is desirable as a complex one de-
mands more computational as well as data require-
ments (Deardorff 1972). The purpose of this study
is to propose a simple method of parameterization
of the eddy momentum transport from the surface
and frictional vertical velocity in the lower layer
of a PE model which lays well within the PBL. An
algorithm for computation of the internal para-
meters of a quasi-stationary PBL from the op-
served meteorological elements is also presented.
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2. Symbols used

The following symbols, which are not defined
in the text have been used :

f — coriolis parameter
X N — horizontal and vertical coordinate
system, where the x-axis is directed
in the direction of surface wind
u, v — velocity components in x and y
directions
P —  pressure
p — density of air
K — eddy viscosity
Cr — specific heat at constant pressure
] — potenidal temperature
P, — turbulent flux of sensible heat at
the surface
€ — rate ol kinetic energy disssipation
b — turbulent kinetic crergy
/ — mixing length
e — gravitational acceleration
T -—— lemperature
\/ — vector of the geostrophic wind
ug, vo — the components of the geostrophic
wind in the zonal and meriodi-
onal directions
Tay Ty — the componenis of the Reynolds
stress in x and vy directions
Vi — friction velocoty
— .
o (Tagy Tyo) — Surface Reynolds stress
H — Height of the PBL
K — Von Karman’s constant
L — internal scale height of the PBL
m — internal parameter for the thermal
stratification
br — roughness length
v — external stratification parameter
Ya — adiabitic lapse rate of the atmos-
phere
Y — actuval lapse rate at the height /
R, — surface Rossby number
Cy — geostrophic drag coefficient
Hgso — geopotential height at 850 mb
pressure surface
a — cross-isobar angle
Fy, F» — the components of the vertical
eddy stress term in x and v
directions
W v, w!, — deviation of w, v and w compo-
nents of the velocity from the
corresponding mean values of
any time and are associated with
the turbulent eddies
. — vertical velocity at the surlace
wp — frictional vertical velocity at the

top ol the PBL

The following indices have been used :

n — stands for non-dimensional quan-
tities

0 — taken at Z,, ie., at the lower
boundary

X — the x-component

y — the y-component

3. Description of the model

As a system of equations to deal with the PBL
models, stationary and horizontally homogencous
turbulent motion in a startified atmosphere is
proposed by Laikhtman (1970) and Wippermann
(1973). These system of equations are closed by
some sort of semi-empirical relations for the pro-
file for viscosity [K(z)] or mixing length [/(2)].
Though these types of barotropic PBL models are
simple, they are quite capable to represent the main
structure of PBL correctly (Wippermann 1973).
Further, these types of PBL models are powerful
for the purpose of parameterization of boundary
layer effects in multilevel prediction and simula-
tion models based on the large-scale variables
available at the lowest level (level well within the
PBL) of the simulation models. A procedure of
closing the system of the PBL equations by a hy-
pothesis for the mixing-length (/) is more advanced
and realistic than of a hypothesis for the profile
of eddy viscosity [K(z)] (Wippermann 1973). This
may be due to the fact that the mixing-length in-
creases monotonically with height starting with a
very value Iy at Z-—Z, upto oo at Z=H, where as
K(z) has a maximum at a certain height. Therefore,
it is much more difficult to specify K(z) profiles than
that of /(z).

A closed system of equations for a barotropic
PBL based on the above stated assumptions and
the mixing length hypothesis are (Kurasaki 1970,
Laikhtman 1970 and Wippermann 1973).
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where ap, a5, C, and C, are non-dimensional
constants (ap = 1, a, — 0.73, C, = 0.046 and
C, = 0.4 as used by Ternopolski and Shnaidman
1974).

The orientation of the coordinate system is
fixed in such a way that the x-axis is directed along
—->

the surface wind stress 7.

Then the momentum equations (1 and 2) become:

v—VgsinaL—-—,l,i;z ©)
RV, cosaff;. - (10)
where,
dt T,
rq'_:K{F;::b (ll}
g = Kfj‘ ¥ ;’ (12)

The system of Eqns. (1)-(8) governing the PBL
are non-dimensionalised. Such non-dimensionaliza-
tion can be achieved by using the internal para-
meters of the PBL like the internal scalc height of
PBL (L = xv,/f) and the friction velocity

ve = 7o/p ) (Laikhtman 1970 and Wipp-
ermann 1973). The non-dimensionalized PBL
model is independent of the geographical region
under consideration. Variables, used in the PBL
model (Eqns. 1-8), are non-dimensionalized in the
following manner :

Zoo= ZiT,

M= Vs’

o, = ofv,’?

K, = K[kv,L

e, = xLe/v,®

bM = C1%p/y,*

I, = l[xC AL
Vou = «Vg[ve

Uy = Kilfv,

Vo = KV/Vy (13)

The lower index n stands for non-dimensionali-
zed variables. By differentiating the momentum
Eqns. (9)-(10) with respect to = and by using above
non-dimensional variables (13) in place of the cor-
responding dimensional variables, the system of
the equations for the barotropic PBL can be written
in the non-dimensional form as :

d*n o
f’uﬂ‘_ Ll & 0 (15)
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d bf

n‘"! —l-_(r":‘ i bnf d_ ibn
Ky % Lk K, + B az; K, Bt 0 (16)
o an
—1
/3% ﬁ(d"zi Ic'g“?'(n;) (18)
where, p == pp _{Z{_n (‘ 4 up?;;»%l 54
» n
n o= 1
g —=0.54

For solution of the above system of equations
for the PBL, the following boundary conditions
in non-dimensional form are required :

ZH}:ZHD M = ', Ty, 0, L:.;O, bn- s 1
Zy—>00 a0, o0 =0, b, -0 (20)

4. Numerical procedure

The system of Eqns. (14)-(18) for the barotropic
PBL model along with the boundary conditions
(20) arc solved by iteration method. As initial
approximation for the iteration scheme over the
eddy viscosity K, (Z,), the vert ical profile of K, (Z5)
is given to be lincar function of the non-dimen-
sional height Z,. Finite difference approximation
of the differential equations are carried out over
an irregular vertical grid, which provides fine
resolution close to the surface.

For computation of the turbulent characteris-
tics and the vertical profiles Ky (Za), bu (Z),
1y \Zn), mn (Z2) and on (Zn) with the help of the
non-dimensional PBL model [Egns. (14)-(18) and
(20)], the following non-dimensional parameters
are to be prescribed :

(i) internal stratification parameter of the PBL
at ZO: Ho»

(ii) thermal stratification at upper level of the
PBL v and

(iif) the Rossby number Ry

where,
po= kg Py [fpocp T vy )}
v ikt (Ya— ) 8 [S°T (22)
R, = Vy[fa (23)

It is obvious from the above relations (21)-(23)
that v and R, are the external parameters whereas
pois the internal one of the PBL. As Py is not known
to us, SO pocannot be determined by relation (21).
A method to determine i, was proposed by Terno-
polski and Shnaidman (1972). According to that
method g, is computed by the relation :

1] H,IE _c:g ———— e ":3_. i 2
po= | M+ ~ga [C,log, (KHn R, Cp) 4
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where,

M = f lr""V; [(3530 — O1900) — (Yu— "/f'f)/ H»a:.u]

850
(25)

Cp= T (26)
. \’ff!
The non-dimensional height of the PBL (/,) is a
function of v and p, and geostrophic drag coeffi-
cient Cy is a function of v, g, and log R, there-
fore o can be expressed by the functional relation
as

po — o (M, v, log Ry) (27)

Thus p, can be obtained by the numerical solu-
tion of the system of equations of the PBL or from
the functional relation (27). A graphical representa-
tion of the relationship (27) based on a number of
numerical experiments is illustrated in Fig, . This
nomogram can be used to determine p, from the
given values of », log R, and M, which are the cx-
ternal non-dimensional parameters of the model,

The replacement of x, by A/, v, log R, and (he
nomogram (Fig, 1) paves the way for the solution
of the system of equations of he PBL model by use
of the observed metcorological parameters in the
lower troposphere (i.e., geopotential height, wind
velocity and temperature), roughness length and
latitude of the point under consideration.

The following steps are carried out for obtain-
ing the characteristic paramefers of the PBL model:

(a) from usually available meteorological
informations v, R, and A are cal-
culated by the relations (21, 22, 25),

(b) with use of Ry, vand M, pu, is obtained [rom
the nomogram as discussed above (though
fto 18 an internal parameter of the PBL,
as it is obtained from external parameters
of the PBL by a nomogram, it is referr-
ed in the text as an external onej.

() Ry, v and p, are used to obiain H,, C,
and « directly from the PBL model or
from the semi-empirical relations obtained
by numerical experiments (discussed in
paragraph-6).

(d) friction velocity viand x and y components
of the surface Reynolds stress (r,,and 7,,)
are computed by the relations :
v_‘ = K Cg /Vy! (23)
Tzo = Po 1" Cg* /Vg/ (1ty COs & —-wysine) (29)
] LI 7 | 1] 1 oA 1
Tyo = Po &2 Cp* [V (ug sin« ~- v, cos ) (30)

(e) Vertical profiles ol the parameters
Ka (Zn), bu (Z3), n, (2,) and o,(Z,) are
computed directly by numerical solu-
tion of the PBL model.

5. Method of parameterization

In this paper two ways of parameterization of the
integral effect of the PBL in the atmospheric models
arc discussed. They are

(/) incorporation of frictional forces (eddy
diffusion terms) in the momentum equa-
tions and

(if) inclusion of frictional vertical velocity,
due to boundary layer convergence, in the
numerical models by the simple device
of changing the lower boundary condition
for vertical velocity.

In the PE models for a turbulent atmosphere
the horizontal and vertical variation of the eddy
diffusivity terms are appeared in the momentum
equations. However, the vertical gradients ol the
eddy momentum are much larger than the horizon-
tal gradients. Further, in the boundary layer the
vertical eddy stress terms arc quite large and com-
parable to the other forcing terms of the momentum
equations, This necessiates the incorporation of the
vertical eddy stress in the equations of motion for
the lower level of the atmospheric models, which
lies well within the boundary layer.

The vertical eddy stress terms (F, and F£,) in
the horizontal components of equations of motion
are

i gpu'w 1

l":t = =
p 2z P
1

1 Ep viw'
P dz p 0z

. Ty

Assuming that there exists a PBL characterised
by a vanishing (or at least very small) stress at the
top of the layer and surface eddy momentum fluxes
denoted by =, and 7, [rom Egns. (31) and
(32) we obtain

Fo = —1./pH (33)
F, — Ty, | pll (34)
In the non-dimensional form the height ol the PBL
is expressed as :
H, = H|L (35)
Thus from (33, 34) with usc of (35) the relations
are
Fy == — 1o f/prvs Ha (36)
F, = — Ty,,f prvy H, (37)

Using the relations (28)-(30) for vy, 7, and
Ty and assuming p to be constant in the
PBL from Egns. (36), (37) we can obtain the re-
lations for F, and £ in their final form as
G f . R
— S (g cOS @ — vy 8in @) (38)
Hy *
G

Fy = ——% (g sin ¢ + v, cos «) (39)
Hﬂ
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Fig. 1. Internal parameter for thermal stratification at Z, as a function of the external
parameters v and M for (a) log R,=4, (b) log R,=5 and (c) log =6

Fig. 2. Non-dimensional height of the PBL as a function
of thermal stratifications v and p,

The second approach for the parameterization
of the integral effect of the PBL in the atmospheric
models is the incorporation of the vertical velocity
caused by the frictional convergence in the PBL
which is known as Ekman pumping. This goal can
be achieved by a simple device of putting the
frictional vertical velocity (wp) as the lower boun-
dary condition for vertical velocity at the lowest
level of the atmospheric model, which lies well
within the PBL.

From the equations of motion for a turbulent
atmosphere and continuity equation in the pres-
sure coordinate system, we can write :

o_ 83 g g

o fop (k: 7 300) 140)

Integrating the Eqn.(40) from the surface to

the top of the PBL, where the eddy stresses assumed
to be zero, we will have :

= g [ 7w __81‘_“ ) 1
Wy — Wy — f ( ax oy (_4 )
The relations (29) and (30) for r,, and 7y, can be
used to evaluate p at the lowest layer of the at-
mospheric models with known value of w,.

Thus, these two approaches of the parameteriza-
tion of certain effects of the PBL in numerical
models involve the determination of H,,C,and a
which are the internal parameters of a PBL model

and can be obtained by the numerical solution
of the PBL model, proposed above, with the given
values of the external parameters.

6. Numerical experiments

Relationships between the internal (C,, « and
H,) and external ( v, R, and p, parameters
of the PBL can be established by the solution of the
system of equations governing the turbulent flow
in the lower troposphere. As a result of thz iterative
solution of the system (14)-(18) for the PBL (Babi-
leba 1970 and Ternopolski and Shnaidman 1972),
we obtain the wvertical profiles of the non-di-
mensional parameters 9:(Zy), ow(Zn), Ka(Zn)
and b, (Zn). The non-dimensional height
of the PBL (H,) is obtained from the definition
for the upper boundary condition (i.e., the Ray-
nolds stress should vanish) as

NV 92 (Zn) T 0 @ <E Hua=2Zn (42
where E is a very small quantity (E=0.01).

In order to obtain expressions for C, and « in
terms of 9. (Zs) and o, (Z;) the equations (9)
and (10), are non-dimensionalized by the use of
the relations (13) and the lower boundary condi-
tions of the PBL (at Zp » Zuy tn= vs = 0)
are applied. Further, the relation between V7, and
C, as Vgn = & Vylve = 1/C, is used to obtain
the equations :

dgn 1 .
(_IZT = Cg sin o
do'n

]
= —— COS a 4‘
dzn C‘g S ( « )

From these Eqn. (43) the expressions for C, and
a can easily be obtained as :

s /’/ dnw ) (‘El)ﬁ 44
" (dZ,,., + gz (4

o _ (4 d_u.".)]
o — arctan [ ( iz ) / (dZ,, (45)
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Fig. 4, Angle between Vg and 7 as a function of p, and leg R, for (a) v -

Do = 2000

Thus from the known values of the vertical
profiles for 7, (Z,) and o, (Z,) with the use
of the relations (42), (44) and (45) the internal
parameters H,, C, and a« can be estimated.

A number of numerical experiments with the
PBL model Eqns. (14)-(18) are carried out with
various values for log Ry, v and p, as input
and the corresponding values for H,, C, and o are
computed frem 7, (Z,) and o, (Z,) profiles. Ex-
amples of the relationships between the external
and internal parameters of the PBL are illustrated
in Figs. 2-4. From these figures, the functional

600, (b) v = 900, (c) v 1200 and

relations between H,, C, and « and log Ry,
v and gy are self evident and agrees with other
works (Ternopolski and Shnaidman 1972, Vorda-
nov et al. 1978 and Wippermann 1973) which
can be expressed as :

!I.-.- = H (v, Pu)
C, = C, (log Ro, v, o)

a=d (lng Ro, v, PL(J) (46)

For convenience in paractical application of the
PBL perameterization in the numerical models
of the atmosphere, we can approximate the
relationships between the internal and external
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TABLE 1

Values of coefficients in the polynomials (47) for calculating

Hn, Cy and
aj (i=1, 5) bj (j=1,9) cj (j=1,9)
0.7080 0.04688 —94.435
— 0.7448.10 —0.3180.10~* —0.8875.10-*
—0.5699.10 2 —0.8707.10-* —0.8757.10°
0.3707.10-* —0.9792.10-* 14.2642
0.2632.10-¢ —0.1568.10-7 0.2457.10-%
— 0.2308.108 0.1088.10-¢ 0.8289.10+
0.1534.10 % 0.7450.103
—0.4275.10-% 0.2174.10-
0.9956.10* —0.1919.102
0.2930.10-*  —0.6751

parameters of the PBL with non-linear second-
order multiple regression equations. Thus, the
empirical relations for the system (46) may be
written as :

H, = ap-tav+a. po+a vipot-a, vi+a; pet

Cy = bo+by v+bs pot-by log Ry+-b, v*-+-b; vy
b, vlog Ry-+-b, wo* by polog Ry-+-b, (log Ry)*

a = Co+Cw+-C, pp+Ci log R+ Cv* - Cyv py+
+Cgulog Ry-+C, po®+Cy o log Ry+Cy(log Ry)*

In order to find out the coefficients «;, b; and
G (i=0,5: j=0, 9) of the second order poly-
nomials (47), method of least square was applied.
The values of the coefficients are presented in
Table 1.

For given values of log Ry, v and py the
corresponding values of H,, C, and «
can be obtained from the ploynomial relations
(47) with known values of the regression co-
efficients (Table 1).

7. Conclusions

The proposed algorithm for evaluation of the
surface friction the eddy flux of momentum and

frictional vertical velocity as the integrated effect
of the PBL in the dynamic models of the atmos-
phere has the following summerized scheme.
Suppose that the numerical model of the atmos-
phere gives us the components of the velocity
vector, the geopotential height, the temperature,
the lapse rate and the horizontal temperature
gradient at the upper boundary of the PBL
and a specified temperature, at the surface is
assumed. First, using the thermal wind relation
V,o can be estimated and then the non-dimen-
sional external parameters, R;, v and M
can be calculated by the relations (22), (23) and
(25). Using the nomogram (Fig 1.), p, can be
determined from known values of R, v and
M. Then the non-dimensional internal parameters
of the PBL H,, C, and « can be obtained from
the estimated values of log Ry, v and pu, by
use of polynomial relations (47). The unkown
values o1 the surface friction and frictional vertical
velocity can be determined from known values
of Hy, Cy and « by the relations (38), (39)
and (41). Further, the heat flux at the surface
Pp can also be estimated from the known value
og uwo by the relation (21) (Vordanov et al.
1978).

Thus the eddy fluxes of momentum and heat
and the frictional vertical velocity can be obtained
at each grid point of a numerical model of the
atmosphere from the known dependent variables
of the model by simple relations as discussed
above, without solution of the PBL model and
as such minimizes the computational time consi-
derably to make it practicable fo include the
role of the PBL in the dynamics of the atmos-
phere.

The mathematical model of the PBL, discussed
in detail, can also be used to find out the structure
and characteristics of the boundary layer with
different synoptic conditions. Further, the results
of the model can be utilised directly in various
studies, such as, air pollution and aeronautical
meteorology for finding out vertical profiles
of components of the vector velocity, turbulent
diffusion coefficient K(z), stability, etc.

An extension of this study to include the effect
of the baroclinicity of the tropical atmosphere
will be presented in a separate paper.
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