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Planetary motion calculation method
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ABSTRACT. Anaccurate method for caloulatin g the unperturbed motion and position of the earth. a pl&n~t..
or & sa tell ite, moving in an elliptical orbi~ A8 a.function of time. is presented. The method is eMy to app ly and is
IIw tablc for use in the modelling of variou8 ty pes of problem" in meteorology and geoph)"8ics.

1. PlanetarY motion In polar coordinates

Some of the problems encounte red in the sciences
of meteorology and geophysics require a k now
ledge of the posit ion of the eart h in orbit as a func
ti on of t ime. A suitahle method for making this
calculation, ns well a. the calculat ion of the
posi tio n of the other pln net s and the satellites in
motion in their orbit s, is derived as follows.

If polar coordinat.., are used , with the origin at
the centre of mass of th e system, and if the ex
ternal forces ecting on the system arc negligible,
the angular momentum is given by

L = (,...,. ~). , = constant (J .1)

where r ie the radiu s vector
4> is the angle in the polar coordinat.. system

J is the angular velocity

,.. is the reduced ma ss of the system;
,.. = m,·mJ(m,. +m,)

"It and m, are the masses of bodies 1 and 2 of
the system (e.g., the sun and the planet) .

Hence,

,..(# / dt) / 2 = L / (2.,..) = constant (1 .2)

which implies that equal areas are swept out by the
radius vector, in equal time increments (Kepler's
second law).

The orbit s of the planets and the !ll1tellites of the
solar system are ellipses, so that the area swept out
by the radius vector during a complete rotation
period, T, is the area of an ellipse ,,' a' b. In Fig. I,
t he motion of a planet , (at position P ], travelli ng
in an elliptical orbit around the centre of mass of
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the system, C.J\I., afte r an elapsed time, t , is shown.

Integrating Eq. (I .2) over a time period, I , and
then int egrating over the tim e for a complete
rotat ion period, T, permits the position of UIO
plnnet, at. nnr given time, to be repr esented hy

f4> J"" 'd4> / 2 = [( " ' lI' b)/ 1'] ' dt (1.3)
o - 0

2. Parametric repnsenlatloD of tbe orbit

If the position of the planet , at P, is referred to a
coordin ate system centered at the geometric centre
of the ellipse, at 0 , the problem may be very eon
sidera hly simplified using the parametric form for
the ellipse, indicating the orbit,

z = lJ ' COB 0, Y= b: sin 0 (2. 1)

where the meaning of the notation 18 shown in
Fig. 1. Al80 noti ng that

tan 4> = y / (z.-<J•• ) (2.2)

where . is the eccent ricity, (a constant parameter
for an ellipse), and then using Eq . (2.1) in Eq.
(2.2) r..sults in

4> = are tan [ (b / a)·.io 0 / (cos O--c)] (2 .3)

Differentiating Eq. (2·3) with respect to t ime, t,
yields

d4> [COl! O. (cosO-c)+. inI O]
- =a·b· .d8fdt (2.4 )
dt [al . (cos 0-.)1 +hi . .unl 8]

A useful relat ionship for the radius vector, " i8
given b)'

,. = (z - a .c)1 +y' (2 .5)




