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ABSTRACT. In this paper. an attempt is made ta apply a control theoretical approach 1o study the optimum
distribution of average thermal buoyancy (thermal energy), required for attainment of maximum vertical velocity in
the updrafi. This development. basically a transport process. is conditioned by the constraint. putting stipulation en
the growih of average power generated by thermal buoyancy during the time of operation. The validation has been
sought on the lines (Kessler 1974) of using data. not wholly divorced from reality.
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L. Introduction

Thermal buoyancy is found to initiate the trigger of
the parcel and in a way. controls the development of
the maximum vertical velocity of the parcel in case of
accurrence of thunderstorms (Weisman and Klemp
1986). The magnitude of the maximum vertical
velocity of the parcel does Influence the development
of some thunderstorms (Browning 1982): it is basically
determined by the strength and lateral dimensions of
the vertical draft (Browning 1982, Darkow 1982,
Hill 1988).

The study of the distribution of vertical average
thegnal buoyancy. otherwise called thermal energy is.
therefore. necessary and more so. because of the
development of maximum vertical velocity of the par-
cel. To make the'model study mathematically tractable
we draw upon the concept and techniques of control
theory and in particular the optimal coantrol theory.
The expressicn [or thermal energy in terms of the max-
imum vertical velocity. height of the maximum vertical
velocity and the rate of entrainment for the same in
shortest possible time (most rapidly) is obtained. Thus
one obtains. as a result, various strands of thermal
energy conditioned by the constraint required for
attaining the maximum vertical veloeity of the parcel.
The exercise of optimality also yields a quantification
of buoyant energy. We have also the profiles in this
paper, providing useful understanding about the pro-
cess involving the parameters mentioned above.
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2. Method of computation
2.1. List of symbols used

—  Velocity of the vertical wind (ms—1).
—  Average vertical velocity.

Maximum value of the average verti-
cal velocity,

Wiax = Maxi:uum vertical velocity of the wind
(ms™),

= E

w* _—

B —  Acceleration identified with the thermal
component of buoyancy (ms™2),

H —  Vertical extent of updraft column.

ky — Assumed mixing rate for heat, momen-
tum and water substance associated with
mixing in the horizontal plane (s~ ).

k> — Coefficient that converts condensed
water to equivalent buoyancy (ms~2/
gm™3),

T. H2? — Leasttime and height for attending max-
imom vertical velocity respectively,

7 —  Constraint of average power generated
by thermal buoyancy.

) —  Average value of ( ) over H/2.

2.2. Staternent of the problem

From the foregoing lines. the problem turns out to
be one of determining the average thermal buoyancy
denoted by B(1), so that the average vertical velocity wit)
can attain a maximum value, say w*, in least possible
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Figs. 1 (a & b). Profiles of average vertical velocity (----- ) vis-a-vis average thermal buoyancy ( ) at different heights with time

time (most rapidly) say T. This development of the
updraft is conditioned by the constraint on the growth
of average power vide Fqn. (1). The average thermal
buoyancy Bft) is limited under the constraint.
i
I B2amdr< P (1)
0
where. I? is a constant.
2.3. Optimal control problem

According to Butkovosky (1969),let us consider the
system. given by the equation.

(% g=ag+b@ul+cf) (2)

where. ¢ is a state variable, u (1) is the control applied in
the system ana a(1). b (1), ¢ (1) are known continuous
functions of time.

For the problem. which is to find a control u (1) such
that the state of the system ¢ of Eqn. (2) arrives at the
point g*(7) in the smallest possible time T under the
constraint E u? (1) € 12 (I is given positive number), the
optimal control u (1) can be written as:

wi)=1RG)E 3)

under the condition (Butkovosky 1969. p. 197. 230)
ag=] 4
where. € is a number. and

afl)= \u(r)q'(r)-rl wie(tdr—qq. Glr)=wu(tb(1).

l—i- = jzljZng)dr. i) = o(—1). 4(0) = g4 (5)
=0

and ¢(1) is the solution of the homogeneous linear
differential Eqn. (2).
2.4. Basic equations of the system

In one dimensional cloud models, the vertical
equation of motion (Kessler 1974) is
ow ow

+ w = B-kw 6
ot “Bz i ©)

For updrafts, we integrate Eqn. (6) between = = 0 and
z = H/2 which yields (vide Kessler 1974)

d -, wAH?)

d_f W 17 = E—klﬁ‘ {7)
where,
H/2
B 2% H
) = E{ ( )dz and “‘(2—1 = Wmax (8)
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Fig. 2. Profiles o1 average vertical velocity (— — —) vis-a-vis average

thermal buoyancy ( ) at different heights with time

According to (Kessler 1969), let us assume the
parabolic profile as:

w = A Wmax fy s b ©

Thus
5
w (H/2) = wpax and -S—-M'max = w* (10)
2.5. Solution of the problem

The solution of Eqn. (7) under initial condition
w=0 at =10 gives.

. “.me‘ dn (1)

[
wit) = e kit j  Fm {E( )
“ 0 " H

Here, according to the given notations in Eqns. (2)~(5),
one can write,

o =7kt Gy = M (12)
2 ,:’- ) k|T_l
a() = T;' kT Wmax + 1;_% ( e_k_)
= 1
1 | T
— = Y e
5 T ) (13)
1 2 W max | &T-1
573 &7 whax + -7‘1‘— \T} (14)

and

B = REH (13)

where.

w*

1o v

Wmax =
2.6. Numerical computation

To obtain an idea about the behaviour pattern of
average thermal buoyancy, a few graphical represen-
tations are also drawn. We have chosen, for reasons of
simplicity, the average thermal buoyancy as a measure
of control in the process of attaining maximum
velocity of updraft (Kessler 1974). We computed
numerically 2. B(1) and w (1) with the help of Eqns. (11)-
(15) and for better understanding of the dynamics, we
draw upon the data provided by Kessler (1974. 1982),
given below :

Wiax = 25 ms~L; ky = 10-4 and 2 X 10451,

T = 1200 and-1500s: ky = .01 ms~2/gm3.
3. Discussion

It is worthwhile to explore some of the important
features from the graphs. In particular, Figs. 1-2 repre-
sent profiles. which indicate the development of both
average thermal buoyancy and average vertical
velocity of the parcel during the period necessary for
reaching maximum vertical velocity. Figs. 1 (a & b) are
basically intended to give an idea about the behaviour
pattern of mixing rate in regard to average thermal
buoyancy. In fact, keeping the other parameter fixed,
one finds an increase-of mixing rate augmenting the
total average thermal buoyancy which is so essential
for generation of maximum velocity during the entire
time span. One may provide a physical interpretation
in that an increase of mixing rate as mentioned by
Kessler (1974) and: Priestley (1953) decreases the
diameter of the parcel and hence, increases the lapse
rates in case of absolute buoyancy (which exists in case
of super-adiabatic lapse rate) is in agreement with
observation by Priestley (1953). This leads to the
increase of the average thermal buoyancy and small
increase of average power /> during the whole time.
Secondly, keeping the least possible time and all other
parameters {ixed, as the height of the updraft column
increases, we find that the initiating average thermal
buoyancy decreases. This is. otherwise. consistent
physically because of the fact that the continuity of
horizontal convergence is associated with the vertical
divergence or stretching of the layer: the increase of
layer thickness increases the lapse rate of the layer and
the stability of the layer decreases. which gives the dec-
rease of thermal buoyancy. The same possible
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explanation can be given in discussing the decrease of
the average power /> during the time of operation
(whole interval) with the increase of height of the layer
when all other parameters except the height H/2
are fixed.

Let us now discuss few other distinguishing
features between two graphs. From Figs. 1 (b) and 2 we
note that the maximum velocity of the parcel may be
attained by a slow updraft over a long period of time or
possibly by a stronger updraft operating for propor-
tionately shorter period of time. This signifies the dec-
rease of initiating thermal buoyancy with the increase
ofleast time for attainment of maximum velocity of the
parcel: this is reasonably in aceordance with physical
‘realities. Thus. with the increase of time of operation T,
the average power I” increases. which we note from the
graphs in Figs. | (b) and 2. This can also be seen from
physical considerations.

It may be remarked, in passing. that even though
the foregoing analysis stems from a simple model
approach, there are few facets that come close to
realities.

4. Coaeclusion

The authors are essentially an attempt to use a fairly
idealised control theoretic model (Kessler 1974, 1982),
enabling them to focus few striking features, which are
otherwise hrought out in the investigation of this kind.
From the theoretical exercises, there emerge some
specific values of the thermal buoyancy, depending, of
course, on the environmental parameters which, in a

way, are the thresholds for attaining a maximum verti-
cal velocity of the parcel.
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