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On the theory of the boundary layer
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ABSTRAcr. The problem of the diurnal wind variation inside the bonndary l~yer is treeted using the diffusion
equation with a teeeorial diffusion coefficient which is more adequate t han t he ordi nary way of dealing with this quee
t ion in terms of8 'fictitious Vi8COSity' coefficient. The corre lation tensor is espreeeed as a random fonct ion and uaing
the equivalence between the d iffusion en I t he wave eq uation some eheeeeteeistfca of t he solutio n are given. In
particular with t he hypothesis of a fundamental periodicity of 24 hr. for the correlation funct ion, the olassical
f'lIiptiral variation of the wind hodograph is obtained . An analogy i8 established between t he general t heory of
rt'lativity with ite use of Riemann spaces and t he non-euclidean fram e noocfl83ry for t he st udy of the movements
in the lower layer due to t he functio na-l relation amo ng space end time variations of di ffused quantities. The
study is restricted to the case of homogeneous t urbul ence and th ie exclu des t he application to t he eurfsce laj er,
Th e methcmatlce! basis are the plloJ:l6r8 of Varadhan an d Zeud crer concer ning the behaviour of the asym ptotic
solnt ioM of tho iloot and wave eque trone.

where,
the bar stands for th e 'mean of' and n M and arc
two random numbers defined by a probability
law

E q. (I ) is the equivalent of the Helmh oltz Eq .
(Frisch 1969) that is.

• 9 ' '¥ ( k ) + k' ,,' ( r, t ) '¥ ( k ) = i (2)

where

(4)

(3)

R (T, r ) = cos (Sl.r-Jlr)
T = t,---t:.
r = I r, - rl I

k = wave number

1jI = wave function

n = refraction index

'''~e a.re inte rested in studying th e behaviour of
1jI when k -to CX) t hat is for movement s at th e sma ll
sca les. The asy mptotic behaviour of (I) and (2)
for t ... 0 and k -e- eo have been studied by
Vnradh un (1967) and Zauderer (1970). TIle coeffi
cients kij in (1) determine a R eimaniann metric
with a length invariant. C/' (r. t ) . I t is poss ible to
show (Varadhan 1967) that

Lim [-21 log P(r. t)]=c/' (t, t)
t...O

3. Analy. ls 01 !he asymplotlc approximation

We suppose th at k;j is a random variable
analytic and stationary. After Wehrle (1944)
the most genera.l correlation function in this case
IS

2 . Malhomatloal Hod ol
If 'I = pV is t he momentum of a fluid element.

t he mea n concent ration of 'I . P( r, t) satis
fies the following differential equation (Batchelor
1949) :

aP ( r . t) = K; . a' P ( r , t ) (I )
at 'aX; aXj

where K ;j is t he d iffusion coefficient .

We must add the boundary conditions
Lim P ( r, t) = j + boundary condtit ions

t ...0

t . Introduction

One of the most fundamental properties of th e
boundary layer , arc the changes in magnitude and
dir ecti on of the wind with the height. Tho sechanges
begin about the level of 10·20 m up to I km in th e
middle latitudes of the eart h. Below 10-20 m the
dir ecti on of t he wind is constant and the speed
changes according to a logarithmic law.

Th is problem has been st udied in p~rtic~lar by
the Soviet school of meteorology startmg WIth the

. equationBof moti on for the atlllogp~e!e and int r~·
duoing a turbulent exchan ge coefficient that IS

supposed to be variable in t imc'and sp~ce. Th~s
coefficient. can be looked upon as a kinematic
coefficient of viscosity which is a ra ther g l08S

approxim'\tion since in fact it.is a correlation tensor .

In what follows we shall use a. diffusion equation
for the momentum and study the asymptotic be
haviour for sma ll intervals of time.




