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Optimal emission control of a transient air pollution
source by the method of finite difference
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ABSTRACT. Following Butkovskiy (1969) an approach is made in solving distributed optimal control
problem of air pollution by the use of lumped approximation based on finite difference representations of the

spatial derivatives, yiel

ding a set of differential difference equations. In this papzr the diffusion of a horizontally

homogeneous concentration distribution is considered, when the ground level source 1s taken as a control with
respect to tim? such that the system will reach a desired state from an initial state in a lowest possible time,

1. Introduction

Increasing industrilization and urbanization rises
the question of whether a further increase is tolerable
from an environmental protection point of view. In
most cases, new air pollution sources are built
without sufficient knowledge of possible changes in
the air pollution load of a given region. Only mathema-
tical models and controls for air pollution transport
and diffugion together with a deep knowledge of meteoro-
logical processes involved are able to solve a wide
:;:;;;y of problems of this kind (Omatu and Seinfeld

The problem of determining the optimal distribution
of source of air pollution has received some prior
attention (Seinfeld 1972, Seinfeld and Chen 1973,
Seinfeld and Kyan 1982). From the practical point
of view, it is useful to consider a possible distribution
of emission sources which would be desirable from
an air pollution standpoint. Thus, one of the central
issues of air pollution turns out to be the distribution
of new proposed emission sources which will maximise
air quality subject to zoning restrictions.

Inversion occurs when temperature increases with
height. This occurs frequently during the night or early
morning hours. In addition, inversions occur more
frequently during the fall of the year. Inversions are
likened to putting a lid on a particular locale so that
11374 [lution escapes by vertical diffusion (Howard

Low wind speeds less than 7 mph usually accompany
inversions, so there is very little horizontal dispersion
of pollution (Howard 1974). Inversion temperatures
are usually limited to the first 500 metres and this,
therefore, is the maximum inversion height (Howard
1974). Inversion heights are usually much lower than
maximum mixing depth heights. Thus, it is more likely
to presume that in certain meteorological conditions
when the inversions occur low wind speed less than
7 mph, the horizontal diffusion may be neglected and
vertical diffusion remains approximately constant.
However, these realistic assumptions will, in turn, give
some approximate solutions which can be set for
obtaining solutions of optimal control problems from
the engineering point of view.

Here, we consider the diffusion of a horizontally
homogeneous concentration distribution, when the
ground level source is taken as control with respect
to time such that the system will reach a desired state
from an initial state in the lowest possible time. Regland
(1973) has considered atmospheric dispersion of air
pollution emitted from an area source using an implicit
finite difference scheme,

Here, an approach is made by looking at the problem
as an distributed optimal control problem of air pollu-
tion using the well known lumped parameter approxima-
tion which in turn, is based on finite difference representa-
tions of spatial derivatives yielding a set of differential
equations. We simply replace the partial derivative
with respect to one independent variable by a finite
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difference approximation, reducing the system to a
set of differential difference equations and consequently,
the optimal control problem of distributed parameter
system to lumped parameter system. This method of
approximation is of great practical relevance since one
can then use electrical and mechanical analog computers
(Butkovskiy 1969).

2. Basic equations

The dispersion of passive contaminants in a turbulant
medium is usually described by the diffusion equation,
which reads (Pasquill 1974) :

_ox
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where 7 is time, x, ¥ and z the space coordinates,
X concentration of passive contaminant and # and v
the velocity components of the horizontal mean wind.
The vertical mean wind is taken as zero. k., ky and
k, are turbulent diffusion coefficients.

We consider the diffusion of a horizontally homo-
geneous concentration distribution. Horizontal homo-
geneity is usually assumed for meteorological variables,
so that wind speed and k-coefficient are functions
of z only. In such case the diffusion Eqn. (1) reduces
to an one dimensional form (Neiustadt 1980, Pasquill
1974)
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For simple case, let us take k is a constant (Kairulalam
and Seinfeld 1980). Then Eqn. (2) gives,

(3)

The initial and boundary conditions can be taken as
(Omatu and Seinfeld 1982),

x(z, 0) = xo(@ (4)

it fé— —u(ty—vxy onz=0 (5a)
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i ission source rate
vhere u(f) is the ground level emission SO )
:' is the( deposition velocity and h denotes the upper
vertical boundary of the pollutant-containing region,

le, the base of the inveljsion ']ayg:r (stable
{Z;eS%% second boundary condition mdlcatdci that
the flux of material through the upper boun u'z_ is
equal to zero. For short time period of 24 hours, i _:ﬁg
the meteorological conditions do not change llel')f
as granted, one may assume this deposition vilocity
as constant. Here vX(0, 1) acts as a sink in the sysem.

3. Formation of the optimal control problem

To facilitate the analysis, we need to have a situation
in which, at least a semblance of steady character, if
not fully is ensured, this is, on the other hand, warranted
by a physical set up in the inversion layer so as to
bring about uniform and steady nature of the concentra-
tion of pollutants. This is corroborated by the findings
and observations of (Kairul Alam and Seinfeld 1981
(Fig. 2).

Thus, one may formulate the optimal control given
as follows — to obtain an optimal control u(t), (rate
of emission source), 0 <<t < T satisfying the additional
condition 0 <u(t) < A, so that the controlled system
described by Eqns. (3)-(5) will pass from the initial
state described by the function x,(z) to the required
desired state y*(z) (say) in the minimum possible
time 7. Thus,

x(z T) = X*(@2) (5¢)

4. Solution of" the problem

Here we reduce the system with distributed parameters
to system of lumped parameters with the aid of finite
difference method as given by (Butkovskiy 1969).

Let us divide the segment (0, /) on the z-axis into n
equal intervals by the points z, = 0, 2z, = 5, z, =
28508 4Ly , Zn = h where S = h/n . Let us assume that
the concentration of the pollutant in the middle point
of each interval is determined by the quantity X;, (i =
1, , n). In addition, the concentration of
each surface from which contamination proceeds is
equalto X, at z = 0 and the concentration of the other
surface is equal y,+1atz = A

Then replacing in Eqn. (5a) the value of the partial
derivative with respect to z of the function X (x, 7) at
z = 0 by the first difference, we get, (Butkoyskiy 1969)

L]
- Ny =l 3
ol = () =9 (6)
Similarly replacing in Eqn. (1) the second partial
detivative with respect to z of the function y (z, ) by

the second diﬁerpnce we obtain the differential—differe-
nce equations, given by Butkovskiy (1969),
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Figs. 1 (a & b)

Finally, replacing in Eqn. (5) the value of the
partial derivative with respect to z of the function X(x, 1)

atz = h by the corresponding first difference, we

obtain (Butkovskiy 1969)

e
+'i8‘/2 -0 (10)
Considering the cquality (10), the Eqns. (6) - (9)
can be written as (Butkovskiy 1969) :
v B 2X;
S CRE Ll 11
W= o Ut e 2
d =
el 2%y — 3X, 4 X, (11a)
iy 28 24318 o =
R 248 248 1+ X
(12)
d g v -
dr X; = Xit: — 2Xi 4 X1 ;
B =2 s sy (n—1)] (13)
v e i L
dr xn = xn—l = xu (14)
kt S
where, G =" B= o (15)

One can write the initial condition (4) of the systems
(12)-(14) in the form (Butkovskiy 1969) :
%o(0) = X4(0)
2i—1

wi KO- % (S50 5) 50020 06

Thus, one has to find the control u(f) in 0<i<T such
that the systems (12)-(14) will move from the initial
state to the desired state, given by [see Eqn. 5 ()]

Xo(T) = X,*(0),

% m= w37

S ),(i=l,2,...,n) (17)
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Figs. 2M(a &b)

Now the problem described by Eqns. (12)-(17) can
be solved with the aid of the maximum principle (Pon-
tryagin et al. 1962). The Hamiltonian H thus stands,

2 243v8 &+ %
H=-—-Y 1% [i——:_-%';ﬂa H—T:‘j:—g Xy +xz]+

.|
+ Z% Kig1— X+ Xiy) + V(X1 —X)  (18)
=2

where the auxilliary functions ¥, ek ao s can
be written as (Pontryagin et al. 1962),

dr ¥=0
d
W = — —g_f;; G=182,...,5)" (9

The maximum principle then yield (Pontryagin e:
al. 1962) '

u(t) = Sign ¥,(¢) (20)

Le., u(t) = A4,for ¥y(t) > 0 and = 0 for ¥, < 0.
Let us consider the matrix of the homogeneous system
described by Eqns. (12)-(14), given by (Pontryagin

et al. 1962).
24-3v8 g ]
AT 0 e s 0 0
1 T LT
el 0 0 @
0 0 0 ~2 1
s, 0 O Dy, B0 1 -l

This is a symmetric matrix, so that its eigen values
are real. It can be shown that they are negative, There-
fore, by a Theorem [No. 10, of Pontryagin et af. 1962
p. 120)], the optimal control u(¢) takes on only the
extremum values and does not have more than (n—1)
switching (i.e., not more than n intervals on which
it is a constant).

For solving the two systems of Eqns, (7-(9) and
(19)—fundamental and adjoint — it is necessary to know
all the 2p initial conditions. The first 5 values are given
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by Eqn. (16).But as far as the n initial conditions of
W= 2o e , n )are concerned it is required
to choose them in such a way so as to satisfy the pre-
scribed boundary conditions at the end of the optimal
trajectory, i.e., the assigned values of X; (T) (i = 1,....
........ ,n) given by Eqn. (17). Thus n conditions
for the n unknown P40) (i =1, 2, ...... , 1) are obtained
(Fel’dcaum 1965, p. 106). The procedure applied in
finding the initial conditions ¥; (0) has given in
(Fel'draum 1965, p. 107). At present, a means for
automatic synthesis of optimal system has been deve-
loped where the procedure has been automated (Fel’
draum 1956). For systems with linear objects there
are methods permitting the values¥; (0) to be found
with the aid of iteration (Byzova et al. 1983).

However, the greater number of intervals #in to which
the segment (0, A) is divided, the more accurately the
transient is approximated.

5. Particular case

To facilitate the analysis, we need to have a situation,
in which, at least a semblance of steady character, if
not fully, is ensured ; this is, on the other hand, warranted
by a physical set up in the inversion layer so as to bring
about uniform and steady nature of the concentration
of the pollutants. This corroborated by the findings
and observation of Kairul Alam and Seinfeld 1981
(Fig. 2). Thus one may take the desired state x* (z) as
a constant C (say). The rate of deposition, given by
v X (0, 1) depends on meteorological conditions as
well as on the emission sources. For constant rate ol
cmission (since the control, the rate of emission, is
singular and thus assume only extremum values 0
and A,) and considering no change of meteorological
conditions in 24 hours, one may assume this rate of
Jeposition as constant A4 (say). Also one may likely
take the primary concentration of SO, in the ambient
air as given by EPA as the desired state of cocentra-
tion of the pollutant. :

For simple case let us take n=2. Let the control
u(1) assume the value 4, [0<<u(r)<A4,] on the interval
0=t <t, and u(t)=0 on the interval #,<t <T, where
t, is the switching time when u(t) switches from 4, to 0
avd T is the total time of completion of the desired
state of the system. Then Eqn. (6) stands,

B . E
X, = i (Ads—Ay) 4 X, , 0<t<y  (22a)

wd % = A+ %,

Substituting (22a) and (22b) in  Eqn. (11a) we get,

T plai . Vs
— X =B Us—A) — X%y, 0<r<n

dr
(23)

H<I<T (22b)

fi
dr

il“d = fl- S -—B Al'-Yl JI_T‘.! = T;g‘rg[— (24)

Then Eqn. (14) stands, —- X, = X; —X,

Here 7, and [T are corresponding values of #; and T"
kt

for = "S:z .

For constant desired state C (say) with zero initial
conditions the Eqns. (16) and (17) can be written as,
(Netushil 1973, p. 636).

X1 (0) = Xy(0) = 0, 07y (25)
Xy (1) = Xalm), Xo'(r) = Xulry), mi<? <
(26)
and X,(T) = X/(T) = C 27)

where, X;’ and X, designate the function Xy and X,
in the interval <7<

Then the Eqns. (23) and (24) under conditions (23)
and (26) yield the solution, given by, (Netushil 1973,
p. 636).

' A
o=t | sm—an —

rBAz '3(1'[ —17) B{A:—A]) 1 4_'.‘.1-J )
3 F - .9 ¢ :

- A
= [ Bdari—Arm) 4 5t —

By M=)y B A) T )

Thus the condition (27) after manipulation give,

|
=1 ln[ j’; (ezr‘—l) + 1| (29)

A; 2C
and [F'= 4 T gy, 0

=

where B = S/k

Considering Eqn. (29), the plots can be clonstruc_ted
in a plane with coordinates 7y and [~ ; their interaction
defines the desired values of 7y and [~ (Netushil 1973),

6. Numerical calculations

The parameters values used in numerical calculations
are as follows (Kairul Alam and Seinfeld 1981) :

C (ambient aid quality of 50,)-= 365pg/m* in 24
hours (National primary ambient air quality
standard)

k=35 m? sec™?

y= .1l msec?
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Ay, Ay=rate of emission source and deposition respecti-
vely.

With the help of Eqn. (29), we have obtained the values
of #, and T for different values As, Ay and & (height of
inversion) in Figs, 1, 2 and 3 respectively.,

7. Discussion

Here #, is the time during which both emission source
and deposition (sink) are active and while (T—1t,) is the
time during which the emission source is the inactive,
thereby allowing the deposition to be operative, The
concentration of SO, in the ambient air is found to be
greater than that of desired concentration (maximum
tolerable concentration of SO, in air; National ambient
air quality standard of SQ,) during the interval (s
T—nt). Thus this period (t,, T—t,) may be taken as a
potential hazard to human health. So ‘once the total
time of completion 7 is crossed, the concentration of
S0, in the ambient air is found to be tolerable to human
health and thus the period after the total time 7" may
be termed as a safety time. It is noted that both t
and T depend on the the rate of emission, deposition
and inversion height. However, some additional
remarks can be made from the given figures. (0, #,)
represents precisely the period of _length # during
which bothemission and depesition are active. From
Figs. 1(a) and 1(b), we see that ¢, decreases and
(T—t,) (during which only deposition takes place)
increases with the increase of rate of emission source,
while the increase of the rate of deposition increases
the time #; and decreases the time (7—t,) (Fig. 2).
The time t, and (7—+,) both increase with the increase
of inversion. height but (7—#,) increases from rapidly
than that of ¢, in case of Fig. 3.

8. Conclusion

The estimation of species concentration distributions
necessitates traverses over the region at different alti-

- tudes. There has been much recent interest in the air
from measurement of pollutant concentrations at
different altitude in which an aircraft with a downward
looking instrument, such as, for example, the JPL

Laser absorption spectrometer, is flown ‘at different
altitudes (Omatu and Seinfeld 1982). Thus the optimal
control problem considered here can also be applied for
estimation of optimal time of emission source and total
time of completion to reach different specified (desired)
concentrations at different altitude (Howard 1974).
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