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ABSTRACT. Gumbel’s extreme value theory

Department of Geophysics, Andhra University, Waltair

has been applied to estimate the probability of occurrence and

return periods of the largest earthquakes in the northeast India and Andaman - Nicobar Islands, The stati-
stical model of Epstein and Lomnitz (1966) is discussed with reference to the Gumbel’s extreme value theory. The

mean lines of expected extremes based on 46
gions are plotted separately and the mean return

of recurrence are estimated. The most probabr:lnrgest e
year and in an interval of 50 years are also estimated and reported.

1. Introduction

Among the Stochastic models used in the esti-
mation of ecarthquake risk, the extreme value
methods, originally proposed by Gumbel during
the 1930’s for the flood analysis, have been applied
in recent years to earthquake data for obtaining
recurrence period and probability of occurrence
of the largest earthquakes. In this, given a fun-
ction G(x, t) of a random variable x on time scale
t and is divisible into equal intervals of time =,
each segment contains among a minimum and a
maximum in the interval 7. The maximum
value ¥=[(%max)];+ called here the extreme
value is an independent earthquake event with
the highest magnitude in the interval + (=one
year). In a population of data collected over
an appreciably long period, an extreme is obtain-
ed in each of the interval spiked. Since the true
probability of occurrence of these extremes may
be estimated with their return periods, a number of
authors have applied the theory of extremes and
analysed earthquake data in different regions of
the world. The first attempt was, however, by
Nordquist (1945) on the earthquakes of southern
California and also on the largest earthquakes of
the world. His observed distribution of the
magnitude of the largest earthquakes was found
to be in good agreement with the extremal theory,
envisaged. Over the times, as the statistical theories
and models are in increasing use in all the ficlds
~of geophysics, Arnold Court (1952) has brought
out a full review of the theory of extremes and
its importance to help the civil enginecring designs.
However, Gumbel (1958) published a complete
theory of the extremes and its application.

In the last one decade, extremal value theory was
developed and applied by Gayskiy and Katok
(1965) in Soviet Union and by Epstein and

- return periods and

(267)

years data of yearly extreme values of earthquakes in the three re-
riods of the largest possible earthquakes with their probability

arthquakes in the Richter scale that may occur in an

Lomnitz (1966) in America. Dick (1965) used it for
the analysis of the New Zealand earthquakes,
Milne and Devenport (1969) for the Canadian
carthquakes, Karnik and Hubernova (1968)
and Schenkova and Karnik (1970) for the Euro-
pean earthquakes. For the North Circum-Paci-
fic seismic belt, Shakal and Willis (1972) have
applied this theory and estimated the earthquake
probabilites as envisaged by
Gumbel (1958) in his model. In general, the
extreme value methods, their limitations and the
carthquake risk involved have been brought forth
by Lomnitz (1974) in two articles.

On the earthquake data of the Indian sub-conti-
nent, hitherto no application of Gumbel’s extreme
value theory has been made and Rao and Rao
(1978) has reported elsewhere the preliminary
analysis and results on the Indian Ocean seismic
belts. An extension of this work to northeast
India-Andaman-Nicobar Islands forms the
subject matter of this paper.

2. Theoretical model

The theoretical model originally proposed
by Gumbel (1941) for the analysis of flood data
is based on the random variable function G (x, 1).
It requires n independent observations collected
continuously over an appreciably long time which
should be amenable for division into N-number of
independent sets each having an equal time-length
7. The p sets obtained include N number of
extremes as each set contributes invariably an
extreme. The parent population must follow,
as proposed, a known statistical distribution such
as the normal, exponential, chi-square or gamma
distribution. Thus, the earthquake data may be
modelled into N-sets and the largest magnitude
earthquakes may be picked up from each of the
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Fig. 1. The epicentral location of earthquakes or M=5; prepared and published by IMD (1974) for Assam and

northeast Ind:a

Nsets. Theecarthquakes with largest magnitude,

Voar 1M ahain suies ¥y taken from the AN-number of

sets are arranged in the increasing order of mag-
nitudes. From the fundamental theorem of the
theory of extremes, it is known that as both n and
N grow large the cumulative probability where
any of these N extremes will be less than any chosen
quantity y reaches the double exponential ex-
pression, The frequency of each y; in the
ordered set of extremes and the cumulative
probability may be represented respectively

@
G (y:) T:_(—.\?H (1)

G(y) = Q (y) =exp[ —exp — B (y—u)] (2)

where Q(y) is the non-occurrence of an event in a
single trial and thus the probability of occurrence
P=1—Q=1—G(y). The expression (2) gives
the probability of non-occurrence of an event y
in a single trial. The return period of extremes
may be consequently obtained for values equal to
or exceeding y as

T, =1[1—-@G (y)] (3)
Further, the variation of the probability of y may
be obtained by differentiation of the equation (2)

and may be written

G'(y) = B exp [— B (y—)] G (y) (4)
I'urther, the second differential of it gives the
maximum density of probability at » = u which
means that ¢ is the theoretically the most frequent
value (mode) of the set of extremes under consi
deration. B is considered theoretically a measure
of concentration about the mode, but practically
it 15 obtained by the theory of least squares from

the data of the sample or by using two theoreti-
cal quantities.

B= ff‘-\- and e =y Sy (By/oy) (5)
15”

where y is the mean value and S, the standard
deviation of the sct of extremes, while the reduced
mean Ry and the standard deviation oy of a
theoretical variate which depends on the sample
size N. The modal extreme u is always less than
the mean value y for the set of extremes. By
taking double logarithms of the exponential equa-
tion (2), the reduced variate R becomes

R= 1In[- InG@)] (6)
—B(y- 7
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.

When solved for y, the above equation may be
written as :

y=u-+R/B (8)

By substitution of the equation (3) for B and u,
the equation (8) becomes

2 =y + (S)lon) (R~Ry) )

Which gives a line of expected extreme, if plotted
for any set of N extremes.

Without referring to the theoretically calculat-
ed values of the variate as shown above, the
equation (2) may be changed into by assuming
Ing=pBu; then

G(y) =exp( aExp(- Byl (10)

By taking logarithms twice on both sides, equation
(10) may be written as :

In[-mG(y)]l=ma- By (11)

The cumulative probability W, (k) in this case
when an extreme value equalling or exceeding y
occurs before or along the kth observation, may be
written as :

Wy(k) - [G@ (]

jd
1 —exp [—akexp(—By)] (1-)

A similar model but with an assumption that
the number of earthquakes in a set (per year)
has to follow Poisson distribution was proposed
by Epstein and Lomnitz (1966) for the occurrence
of large earthquakes. A case of poor Poisson
distribution would mean that the region under
investigation is inhomogeneous and alternatively
a best fit shows the homogeneity of the region.
Since Epstein and Lomnitz model requires all the
minor and major earthquake events in a region
for over a period of atleast a few years to test the
priori conditions of Poisson’s distribution, Gumbel’s
model is considered in the present paper and its
application on the regions of NE-India, Assam
and Andaman—Nicobar Islands. For the
test of the best fit of the actual extreme values
picked up from each set, Gumbel (1958) suggests
that it may be obtained as given in the equation
(10) by plotting the confidence bands or control
curves on a specially prepared extremal probabi-
lity paper which has a double logarithmic ab-
scissa and a linear ordinate. The return periods
on the upper scale and the probabilities on the
lower scale for the given extreme magnitudes
may be read from the graph. Thus, every ex-
treme value y; could be described by the confi-
dence level as given by Gumbel (1958) within
the frequency limit of 0,15 and 0.85 of G(y) as
(i) £o(yi) where

Il

o () =— [1)Gy) —1}/[BvNInGEy] (13)

Bzyond the limit of 0.85, ¢(y) has the value
1.14978/8 and 0.75409/8 at G(yx) and G(yx-1)
respectively.  If the observed extremes fall within
the band width 20=0.45, they are said to be
represented adequately by the probability theory
of the extremes. Confidence bands thus con-
structed for control of the extremes would give
the reliability of the test between the theoretical
distribution and the true distribution.

3. Application and discussion of results

The model has been worked out to estimate the
return periods and probabilities on the regions of
northeast India, Assam and Andaman-Nico-
bar Islands. The shallow focussed earthquake
data analysed here covers a period of 46 years
starting from 1926 to 1971 and has been taken
from the documents of India Meteorological
Department (IMD) and from the earthquake
catalogues prepared by Tandon and Chat-
terjec  (1968) and later by Tandon and
Srivastava (1974). Fig. 1  gives the epi-
central location of earthquakes of magnitude
greater than 5 as prepared by IMD for Assam
and NE India and Fig. 2 the epicentral location
of Andaman-Nicobar Islands region. These
regions are selected on the basis of their tectonic
importance which has been geologically described
in the literature by main faults, folds and thrusts
with their tributaries. An appraisal of the In-
dian tectonics including the NE India in recent
times was given by Eremenko and Negi (1968).
It would be desirable for analysis, had the data
covered a much longer pe::iod than 46 years, but
the earthquake events of the earlier years were
sporadically reported (Oldh?.m 1883). Therefore,
the earthquake reports carlier to 1926 are not
included and the seismic nature of the area is
considerably borneout by the 46 year data as re-
vealed in this study. Further the regions are
almost exhibiting a homogeneoug& earthquake
process, although geologically and in mechanism
they pose complex problems. In the present
analysis, the random events of 'the earthquakes
spread over 46 years are divided into equal time
intervals of one year. Spiking the interval shorter
than one year has made the data discontinuous
in the intervals. Gumbel (1958)_ proposes for
the model that the extreme value in a set Is in-
dependent from the other and the one year time
interval ensures the extremes to be independent.

The region, Assam, considered here in particular
consists of two seismic zones wcll_knowp in the
literature as lower Assam extending within the
coordinates 24.5°N to 26.5°N and 89.5°E to
93 .5°E, and upper Assam within the coordinates
97°N to 30°N and 95°E to 98.5°E. Besides thess
two blocks, the NE-India as a whole corpprising
of Assam, Burma and eastern parts of Himalayas
is considered as a single block for the analysis
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Fig. 2. The epicentral location of carthquakes .M >4 in the region of Andaman-

Nicobar Islands

Assam is known over the years to be a highly
earthquake prone region by its history of severe
earthquakes. Special studies on the seismic pheno-
menon of this region have been made by many
authors. Montessus De Ballore (1904), Pendse
(1948), Tandon (1956), Banerji (1957), Kaila,
Gaur and Harinarain (1972), Chaudhury (1973)
and Tandon and Srivastava (1974) were among
the authors who worked on the seismicity of India
with special reference to the Assam region.

Fig. 3(a) gives the extreme value distribution of
earthquakes for the Assam region with its confi-
dence bands plotted on the extremal probability

paper. Earthquakes of lower magnitude fall out-
side the confidence band but they arc within the
0.45 band-width (20). In this region the mean
return period of an earthquake of magnitude
M=8.5 as obtained from the graph is hundred
years. Fig. 3(b) gives a plot of the observed
extremes for the NE India and in this case the
distribution of extremes fall within the band-width.
It may be observed in the figure that the mean
return period of a chosen magnitude M = 8.5
is found from the wupper scale to be 50 years.
Similarly ~ Andaman - Nicobar  Island area,
shown in Fig. 3(c) the mean return period of
M=8.0 is about 80 years.
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Fig. 3(a). The extreme value distribution of earthquakes with its confidence bands in the Assam region,
taken two blocks together
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Fig. 3(b)s The extreme value distribution of carthquakes with its confidence bands in the region of NE-India
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Iig. 3(c).
Nicobar Islands.

TABLE {

The most probable largest earthquake in one and fifty years
for each region with the parameters of least squares

Most pl‘ﬂhn- Most pro-

Area ble annual  bable 50-
Ina g maxima yoear
maxima
Assam 967 166 5-80 8:1
NE-India 059 158 G+00 8.5

Andaman-Nico-
bar Islands

1108 193

<3

[+ 1]
X
b=

o3

Table 1 summarises the results obtained on the
three regions for the least square parameters,
In a and B, and for the most probable largest carth-
quake in an annual and -fifty years maximal occur-
rence.

Table 2 gives the mean return periods of an
earthquake event in the three regions for the
magnitude M>=8.0 and M>=8.5. However, the
confidence bands are relatively wide at higher
magnitudes and the return period estimation is
thus qualified by the width of the confidence band.

-

The extreme value distribution of cach earthe

6 (v)

uakes with its confidence bands in the region of Andaman-

TABLE 2

Mean return periods, percentage probability and the ]ast
recorded earthquake events with their magunitudes

Magpni- Mean Percen- Year of
S, tude () return tage recodred
No. in Rich- period probabi- evidence Region
ter Tyin lity (%) of last
scale yecars oceur-
rence of
the event
1 =85 100 37 1897 Assam
2 >8-3 50 43 1950 NE-India
3 =90 80 45 1941 Andaman
1slands
1 =8.0 25 84 1951 NE India
5 =80 42 68 Slightly lower

magnitude than  Assam
8 oceurred in

1947

The probability calculated from equation (12)
for 100 years of return period of an earthquake
of magnitude MZ=8.5 occurred in the Assam-
Shillong plateau is less when compared for a
lower magnitude earthquake say about M>=8.0
with its mean return period of 50 years. However,
the mean return periods of earthquakes of magni-
tudes M>=8.5 in NE India and Andaman
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Island regions respectively gave higher probability
compared to Assam region. Reported in the 4th
column of Table 2 are the percentage proba-
bility of occurrence of the earthquakes for the
highest magnitudes in the three regions.

4, summary and conclusions

Gumbel’s model based on the extreme value
theory has been applied experimentally to the
carthquake prone regions of Assam, NE India and
Andaman island areas of the Bay of Bengal. 46 years
of earthquake data which is fairly sufficient for
the fulfilment of the envisaged statistical model has
been used for the analysis. Assam region including
NE India has given below 50% chance of recur-
rence of an earthquake with the maximum magni-
tude. At the same time, an earthquake of magni-
tude about 8, has its probability in the regions
exceeding 509, chance with shorter return periods.
Andaman Island area also gives probabilities
below 509, with its high magnitude earthquake
of 8 having a mean return period of 80 years.
However, in all the three regions for lack of pre-
cise data on the exact measure of magnitude
particularly for the ecarthquakes earlier to 1950
the mean return periods and the probabilities are
thus subjected to certain errors, although the mean
magnitude curve might help to smooth the errors
in the magnitude data. But it may be noted that
the slope of the mean magnitude curve which is
mainly responsible for the conclusions drawn for
the return periods and probabilities is, as known,
qualified by the quality of data. It may be said
here that the nature of the slope by having precise
data particularly for the earlier periods might
contribute 1° betterment.

Although low probabilities and large mean
return periods for the highest magnitude earth-
quakes might be an attractive proposition in
the civil engineering construction, the conclusions
drawn from the studies here in this paper are
to be understoyd within the limitations discussed,
Further, as presented in Table 1, the most probable
annual maxima of the earthquake magnitudes in
the three regions are below 6 on Richter scale and
this may warrant certain considerations for the
civil engineering constructions.
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