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SH waves across a column sandwiched in an

inhomogeneous medium

UMESH KUMARI
Kurukshetra University, Kurukshetra

ABSTRACT. The propagation of love waves across a vertical column sandwiched in a medium of different
properties has been studied. Three different models are considered : (i) an infinite column in a semi-infinite

ium, (i) a column in a layer resting over a rigid bottom and (fif) a column in a layer resting over a semi-infinite
elastic medium in welded contact with it. In each case the elastic properties vary vertically but this variation is the
same both inside and outside the column. Frequency equations have been obtained for the regions inside and outside
the column and dispersion curves drawn. As expected the wave periods change as the waves pass into and out of
the column. Displacements in these regions have been obtained and presented graphically for points in the free sur-
face. Reflection and transmission coefficients for normal incidence at vertical discontinuities have also been

obtained.

2. Introduction

Theoretical studies of love waves in a vertically
inhomogeneous medium have already been dis-
cussed by many investigators. However, the effect
of lateral inhomgeneity on surface wave disper-
sion has not been studied in sufficient details.
Lateral inhomogeneity may also be discussed by
considering vertical discontinuities in the earth.
Sinha (1964), Alsop (1966) discussed reflection
and transmission of SH waves incident normally
at vertical discontinuity.

In this paper we discuss the propagation of love
waves in the following thee models:

(i) An infinite column sandwiched in a half-
space of different elastic properties, the
vertical variation in the column and the
half space being the same.

(i) An infinite column in a layer overlying a
rigid bottom, the vertical variation being
the same in the column and the layer.

(1) The same as (i) with the half space
elastic and inhomogeneous.

Reflection and transmission coefficients for nor-
mal incidence at vertical discontinuities have been
obtained and numerical calculations made for
models (#) and (iii). Dispersion curves have been
drawn for the regions inside as well as outside the
column. Displacements in these regions have also
been obtained and graphically presented for points
in the free surface,

It may be observed at the onset that, in a similar
problem Alsop (1966) has taken a number of modes
in the transmitted and reflected waves and has
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tried to obtain an approximate solution of the pro-
blem by satisfying the boundary conditions at
vertical discontinuity as far as possible in the least
square sense. This is not necessary here as ours is
an exact solution -which satisfies the appropriate
wave equations in the various regions and the
boundary conditions at both the free surface and
the vertical interfaces.

2. Equation of motion and its solution.

The geometry of the problem under considera-
tion is shown in Fig. 1. The configuration is re-
ferred to a rectangular co-ordinate system with
z-axis directed downward and ¥y plane coinciding
with the horizontal free surface. We specialize
to the two dimensional model in which the para-
mters A, u, p and the displacements are independent
of y-co-ordinate.

The equation of small motion of the SH-type is
2(L)+ 2+ 2) = 2
ooz )+ ol 5) o
If we put
V=p"1 U (2:2)
Eqn. (2.1) reduces to :
E =5 2
p7U+} [ﬁ(‘"" + %) — pons —#..]U= p Uu
(2:3)

here - @, — a“_P. te,
w s ez 22 Hezz 92 e

Let the elastic parameters of the medium be
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specified by :

(x, 2} = Y h(x .
F’ ] F‘ Q(Zl ( )!
b (x, 2 = py1(2) plx) S
with
h (x) = hy + (hy —hy ) B (x),
p(x) =ps + (B1— 10 ) B (x)
where, g, pos fos M1 by, 1 are constants, B(x)

is the unit Box function for the interval —a<x<a,

(2.5

i.e., .

B(z) — 1 for —a<<os<a

(@) =1 0 for all other z.

Substituting for y and p from (2.4) in (23],
?nd assuming the solution of this equation in the
orm :

|le (2} [Aeithe — wt)  Be— ilkz + wt)],

E for ©+ < —a,

U (z2t) = | Z, (2) [Ceitty x —wh) 4 De ik v ehl],
for—a <Lz <a,

7. (2) Feike—wt), forz=>a (2.6)

|
|
L
we see that Z,, Z. Z;, satisfy the equations

0* Zyy [ w? p, 7(2) 1 ( q- )2

Bhadll' /LA LA
Bo Iy q(2) +

1 g
2 q

= e \q

] Zis = forz>ae,e<—a,

(2.7a)

_ w_zjil’J’(Z)_ . I (_q_)-’
T [ By Iy q(7) e 1 i

1 q..

3 g ]22:0, for —a <o <a,

(2.7b)

where By = (po/po) V% 4, B, C, D, F are the
amplitudes of the wave motion, o is the angular
frequency, £ is the wave number same for all z,
and all xin x > a, x < — a and k; is the wave
number same for all z, and all x in —a2 <x<a.

The only non-zero component of stress acting at
vertical discontinuities is p., and the boundary
conditions on these surfaces of discontinuity are

— 0 atx = +a forall zand¢
[pzy] atx +a for an ' (28

/

[V]=0atx = £ a for all z and .

The square brackets in (2.8) denote the change in
the value of a quantity across the surface of dis-
continuity. The continuity of stress and displace-
ment for all z requires that  Z(). Zil2) Zy(3)
must be the same for the regions ¥ <-g,—a<x<da
and x > a. These will'be the sme if the differe-
ntial equations satisfied by them, Le. (2°7a)
(2-7b) will be the same and this requirement leads

V=
Fig. 1.
us to the condition :
D)
ui'lul, :'[Z]

L S - T

Bo*ly 9(2)

W'y r(z)

ﬁllgkl q(:) ot

Since w = ke = ky¢i, where ¢ is the phase velocity
for the regions x>a, x<-a and ¢, for the region
-a<x<a, Eqn. (2.9) can be written as :

,J[ I AL (1_1 P ]
¢(z) ﬁuz Iy 7‘0)
(2.10)

This equation gives k; as a function of z, but £, is
assumed to be independent of z and  this condition
will be met only if r(z)=¢(z). Therefore this ana-
lysis is valid only if shear wave velocity is indepen-
glcnt of z. Eqn. (2-10) will now give the change
in wave number of the transmitted wave in the
column —a= x <a.
Substituting for V from (2-2) and (2:6) in
(2-8) we get four equations and solving these
equations for B, C, D and F we get :
2i(hy2hy2 — B*k?)

B=4

sin (24&,a) ¢ %ika |
zﬂho‘]—k&z(ftoﬂ"t ]‘111'1) e =ik + k)a
e T Kyl

(2.11)

:’_f\ ( h,_, fg_!)] "L(’f} by — hylk)
—

D=A il —ky)a,

F=A4 fy—”‘;“—"“ e
where,
A = 4kly hy By cos 2ky a — 2i(hy® K?
+ b %y2) sin 2k, a,

Writing

~ = Ryeb (2.12)
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We can verify that the relation :
R RN = ], (2-13)

is satisfied which shows that there is no accumula -
tion of energy in the column. Further, we can see
that perfect transmission is possible when

sin 2k,a =0

3'.6-, kla =n12r‘, H= 0, 1: 2,

(2 14)
Using the relation w = &;¢,, we find that perfect
transmission is possible at the frequencies:

N
w = 50 (2.15)
In such a case there is no reflected wave and
amplitude of transmitted wave is maximum being
equal to the amplitude of the incident wave.

In any particular problem, p is a given function
of z. Substituting its value in (2.7a), it may be
possible to solve the resulting differential equation
in terms of known functions, 'The solution of
(2'7b) can then be obtained from the solution
of (2.7a) merely by replacing the constants
’?o, po, k by Il[,pl and k[.

For mathematical simplification of the problem
we now assume that ¢(z) is such that

AT ot - e

where b, is a constant. The solution of (2'7a)
and (2°7b) is
Z = Adies¢ - Bies?

(2.16)

@2°17)

where 4,, B, are arbitrary constants, s for the
region ¥ << — a, x > ais given by

(GL+W__W£) ’
8 = 2
. when (B + b)) > ?,,—ﬂb— s
Bolo
. w?p 3
(e
2
when (k2 + bg?) < ;’21;:; , (2-18)
0

and for —a<<x<{a is the same as (2.18) where
Pos by, k have been replaced by p,, ky, &;.

Eqn. (2°16) may be integrated to give
g(z)as e=x8* , (1-}-8z.)2, sinh®( 8,218, ) (see Singh
et al. 1976)

From Eqns. (2+2), (2+6) and (2°17) we obtain

1
V(:v, z,t) = E*W [4;e42 + Ble_'nz]X

[Aeiter — wt) - Be— ke + wi)],
forz < —a,

1
= Tuohgn 4o + Bomailx

[Cfei(klz—- wl) . Deg— ilky 2 + wi)
for —a<z<a,

———1 = [Alehz + Bje—%z]X

" Tioho g2l
(2.19)

F ei(k=—ot) , for z > a
2. Love waves across a vertical column in an inhomogeneous
half-space
In order thatV-0 as 2>, 5,in Eqn (2-19)
must be real and positive and  4,=0. The co-
dition of stress free boundary leads to the

equation ;
1 dq
Mo els =~ 0
where,
2 1/2
(k2+bo” ‘ﬂ’%:') P fora< — % 80
& == °,
3 kALpa_ m_2££ 1A for —
1+bg Bt PSR E N
0 '*1
(3.2)

The requirement of s; being real imposes restric-
tions on the phase velocities ¢ and ¢, namely,

2
e <pBy (1+ %‘!,—)”2 (_}7:.;)1!2, fore <—a,z>a,

(3.3)
2\ 1/2
6, <Py (l+%;2)1! (%)llz,forﬁ»aézga.

Since s, is positive, Eqn. (3°1) will be satisfied
only if L.H.S. is negative. This implies that for
such a medium, density and rigidity must decrease
;lownwards in the neighbourhood of the free sur-
ace.

If we assume that there are no vertical disconti-
nuities, then p,=p,( =1, say),'hy=h, (=1, say).
In this case we will have c=¢y, k=k,, B=D=0
and A=C=F. This corresponds to the laterally
homogeneous and verticalf;ro inhomogeneous me-
dium and the frequency equation for this case will
be the same as (3°1), where now

8 = (k2 o b2 — ﬂ:: )Uz,for allz,  (3.4)

4. Love waves across a vertical column in an inhomogeneous
layar overlying a rigid bottom

_ We consider a layer of thickness H overlying a
rigid bottom. The interface is taken at z=H,
The boundary conditions are :

Pn=0 at z2=0

V=0 at =H (4.1)
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These will lead to the frequency equation

7 S | 1] dg .
slcuthsIH -+ ——[ q(z) E]::‘G -0 (42}

2
d
If[ ] q] ‘ < 0, Eqn. (4.2) can be
z=0

q2) dz
satisfied for real as well as imaginary value of s,.
. 1 dg . .
However, if [W _ti:_]z-_-n = (0 this equation

will have solution only if s, is imaginary, There-
fore we assume that s; = is where s is real,
Egn. (4°2) now takes the form :

_1’_[4(1_3)%] | - 8 cot sH =0 (4.3)

This equation will be satisfied provided
cot sH<0. Therefore, for the nth mode, we must
have

1
(u -+ -)n<sH<(n—}—l)-n-, n=0,1,.. (4.4)

%)

For the case of a vertically homogeneous and
laterally inhomogeneous layer, ¢(z) is constant and
Eqn. (4'3) takes the form :

cob sH =0 (4.5)
This yields

2 1 \2
( _‘”__2_%2__ e k'—: ) Hz — ( n - --"-;- ) ‘I'l"1 ’
o o

for z<< —a, z > a, (4.6)

_Bae 5
[ 11 ho {('“-’)_]l""'
Bye— %
Tra T
- 228
R RNCIRE

V [;’E: zZ, t’) -

If the layer is laterally and vertically homogencous
then po=p= 1, hy="h =1, g (z) = const.
and Eqn. (4°6) reduces to :

(;’ —B) =@ D)

This is the well known frequency equation for
love waves in a homogeneous layer of depth
H overlying a rigid bottom (Hudson 1962).

Xx:-a xza
i=H T T
i 1
| |
| ]
' :
3 :
#0 t i -2
: |
]
' '
| ]
| ]
I 1
¥
Fig. 2.

5.]Lovejwoves across an infinite vertical column, in a layer
overlaying an iphomogenous half space

The geometry of the problem is shown in TFig.
2. Let the elastic parameters of the medium be
given by (2°4) with r (z) =¢ (z) and in the half-
space by

w(@, 2) = py 1(2) Bx)s

p(z, 2) = pr1(2) @ (2) (5.1)
with

P =p + (@ ) B@) (5:2)
where uy p, po, pi’ are constants, B (x) is the unit
Box function as defined earlier. For mathe-
matical simplification, we further assume that

b(B o @a
4 l 2 Z 1 &
where by is a constan’,

The displacement in the layer is given by (2.19)
and in the halfspace by

[ A’ eilkr—uwl) - B'e ket wt) ] for « < —a
=] ¢ eitkyx— wl) L D'e— iy + ‘”")], for —a <o < a,

B ke —wt), forz > a (5.4)

where B., A4’, B, (', D', F' are constants, k" is
the wave number in the column —ag<x<a
for z = 0, 52 is real and positive and is given by.

( a9 2 ’ '. lfl
l (1‘.. by — ;%%‘:;ﬁ) forz<-a,2>,a
1
297\ 12
;—5—;:—) ,for —a<,z<a
1y

(5.5
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The constants B', ", D', F', may be obtained
in terms of 4’ by applying the boundary conditions
at¥ = =+ ¢ and will be the same as (2.11) with k

“(2) [T <o}

Po

B \1/2 b2 712
n(2)" [ §]" <asa(;

"

replaced by £’ For satisfying the boundary condi-
tionsat x = + g for all 2, the wave numbers k,
ki, k' should be related by the following two
equations :

R [1 e (-1)—'.__&)], for — H<2<0

#,80—2 hy hg
n_pely st (p »
3=k [1 +ﬁf(h1 i«.”’_f"f o [

For satisfying the boundary conditions at horizon-
tal discontinuities for all x, £, and £,’ should be the
same which imposes a restriction on p,’, namely,

B [_5.,* P o I e

The boundary conditions at the horizontal discon-
tinuities are the continuity of the stress p,, and the
displacement at Z = 0 and vanishing of the stress
by:at z = —H for all x. These boundary
condition will lead to three equations in three
constants Ay, By, B,, The condition for the
existence of non-zero solution of these equations
will give the equation

The conditions that s, is real and s, pure imgigi-
hary impose restrictions on the phase velocities
¢ and ¢, namely

12 by? 12
) [IJ-F] , for << —a, x>a,

1/2 2 12
) [l—j—iq] , for —a<z<<a
kl-

For different variations ¢ (2) and / (2) satisfying
(2°16) and (5°3), we can obtain the corresponding
frequency equation from (5'9).

If we assume that p, = p,, hy = hy, then, p,’ =
Pisc = ¢y, k = ky, B=D—=0and 4 — C — F. This
corresponds to laterally homogeneous medium. If
now we take p, = p’ = 1, hy = hy = 1, the fre-
quency Eqn. (5°9) will be the same where now

2 1/2
s:(%—k!-'boz )j for all z,

0
(5.11)

w2

B’

For g(z) =1, I(2) = ¥,y = py = 1 and
hy = hy = 1, Eqn. (5'9) reduces to the frequency
equation derived by Das Gupta (1952). For g(2)=
(14 A 2)% and g(z) = cosh? )z, I(2) =1, p, =
pL =1,k = h =1, Eqn. (5°9) reduces to the
frequency equation obtained by Sinha (1962). For
E(Z): 1, 1(z) = Lpo=p=1, hy = by = 1,

qn. (5°9) reduces to the well known frequency

12
s,—-:(k'—}—bf_ ) for all z,

ta (g h (a4 (F)}]

palt B}, (8,
ASIEIEAR

whcrc(—q—) % denote that g, /g is evaluated at

Eqn. (5°8) is the frequency equation for love
waves in an inhomogeneous layer overlying an
inhomogencous half-space. The condition for the
existence of real roots of this equation is that
$; is pure imaginary. If we put s, = s, this
equation takes the form :

SN

equation for love wave propagation in a homo -
geneous layer overlying a homogeneous half-space.
6

. Numerjeal ulcn:latlons
Numerical calculations for the model (#it) are

made assuming :

9(2) = ed12, [(z) = gd2s

where d, d; are constants.

Let ¥ = kH, Y. = kH X = ¢/Bo; X; = ¢1/Bo

NEIENY)

(5.9)
+ 8

()]

| -~
| —
=)
——
Co
w
-
Lo
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Fig. 3. Phase velocity curves for the fundamental mode for an inhomogeneous elastic layer overlying an inhomogeneous

elastic balf space (1) Represents curye in the column and (2) outside the column.

2 0r |
|

Fig. 4 Displacements at the free sur‘ace for an inhomogeneous elastio layer overlying an inhomogeneous elastic half space
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From Eqn. (5.9) the values of X and X; have
been calculated as functions of ¥ and 17 res-
pectively assuming the following values of the
parameters :

po=1.0 hy = 0768 pi/u, = 12
hy=1'0 d\H = —0'5 B, = 3°75 km/sec.
=12 d;H = 005 B, = 4'4 km/sec.
po' =09

The results are exhibited graphically in Fig. 3.

The displacements at the free surface have been
obtained for =35 (X=1'04) and a/H = 5'0.
These results are exhibited graphically in Fig. 4.

Dispersion curves and displacements at the free
surface for the model (i) have also been obtained
and are similar to those of model (ii7).

The decay pattern of displacements with depth
has been studied. These are similar to the one’s
we obtain for a homogeneous layer overlying a
homogeneous half-space.

. 7. Coneclusjon

It has been observed that the phase velocity in
the column decreases or increases with the shear
wave velocity in the column. The form of phase
velocity curves in the column and the remaining
region remains the same.

The figures giving displacements at the free
surface show that the wave number of the waves
changes (increases in this case) as they enter the
column and regain its original values as the waves
come out of the column,

It is expected that the results can be generalized

to the case when there are n-}-1 vertical disconti-
nuities and thus lateral inhomogeneity can be
studied by taking n vertical columns in an inhomo-
geneous medium. As a next step, the. treatment
could possibly be extended to include continuous
lateral variation by taking a large number of
these columns.
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