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Dispersion of SH waves in a laterally and radially
inhomogeneous layered earth model
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ABSTRACT. Love waves in a spherical Earth Model, wherein x and p are varying laterally and radially, have
been discussed in this paper. The ratio u/p is taken to be independent of r and 8. Thomson-Haskell method
has been used to discuss the wave propagation in mutli-layered model. Dispersion equation for a layer over a
rigid shell, two layered model, three layered model with liquid core and three layered model with solid core

have been obtained,

-

1. Introduction

Dispersion properties of seismic waves are
widely used to study the detailed structure of the
carth’s interior. The dispersion of surface waves
depends upon the elastic properties of the medium
through which the waves propagate. Considerable
amount of work has been done on the propagation
of elastic waves in an earth’s model assumed to be
vertically inhomogeneous. It is now well establish-
ed that the density and elastic properties of the
earth vary both vertically and laterally.

Love wave propagation in a vertically and
laterally inhomogeneous medium has been studied
by some atuhors. Bhattacharya (1970b) studied
the love wave dispersion in a laterally hetero-
geneous layer lying over a homogeneous semi-
infinite medium by assuming that, in the layer,

= Bo (1-+b3),

He obtained the dispersion curves for the first
two modes. Chatterjee (1972) discussed the pro-
blem of dispersion of Jove waves in a laterally
and in a vertically heterogencous layer lying over
a homogenecous half space. He assumed that, in
the layer

p= o (14+mx)

B = Boe?, p= pye?®

He also obtained the love wave dispersion curve
for first two modes.

Singh et al. (1976) discussed the propagation
of love waves in laterally and vertically inhomo-
geneous layered model. They assumed that p and
p are both function of x and z and p/p is indepen-
dent of x. They used the Thomson-liaskcl[ matrix
method (Thomson 1950, Haskell 1953) to obtain
the dispersion equation. They have obtained the
dispersion equations in explicit form for the half-
space, for a layer over a rigid bottom and for a
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two layered half-space. The above authors have
assumed the earth model to be a layered half-
space. Bhattacharya (1976) assumed the earth to
be a layered spherical model and the Thomson-
Haskell matrix method is applied to non-homo-
geneous spherical layered model. He assumed a
source in one of the layers and calculate the dis-
placements at the surface,

We have considered the earth model to be lay-
ered spherical one and have discussed the pro-
pagation of love waves in such a structure, assum-
ing pand p to be functions of both rand 8 and p/p
independent of r and 6. Thomson-Haskell method
has been used to obtain the dispersion equation
in the layered structure. Dispersion equations
have been obtained for a layer over a rigid sphere,
three layered model with all the layers solid and
a three layered model when the inner sphere is
assumed to be liquid.

2. Equation of motjon and its solution

We consider the earth to be a layered spherical
model and use ( r, 8, ¢ ) as spherical polar co-
ordinates with origin at the centre of the earth.
We are working on the problem of the decomposi-
tion of the vector wave equation in the spherical
polar co-ordinates. The scalar wave equation of
SH-wave is obtained to be
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where w, the displacement component and p and
pl,’ﬂ the elastic parameters, are functions of r and #
only.

Let us assume that

w = R(r) 6(0) e'wt (1a)
po= o (r) 4(6) (1h)
p = po(r) q(6) (1’

By the method of separation of wvariables, we
obtain

dZR+dR[_‘:)_+1 _‘,111,]_[4[_‘“___

dr® dr |'r ' p dr Bo
1 (1 d 2 N
T LR
d’e de dg
S ol il B - et . .
d03+d6 [COB' q d@]_i[]_t

N—cot 8 ( cot 6 _é- 3%) ] © =0 (2b)

where JV is separation constant and B,* = p,/p,

we assume that cot -[-_; % =0 (3)
Thisgivcsusq:;ii__e 0<b<n
—a
= a0 < 0 <2m,a>0 (4)

where a is a constant.

It is evident from Eqn. (4) that g is oo at =0
and 6 = = the rigidity becomes oo on the line
passing through the poles. With the above assump-
tion, the Eqn. 2(b) becomes

d*e

@w TR =0 ©)
where, k2 = N |1
since %? > 0, therefore N' > -1 (6)

The solution of Eqn. (5) is

0 = exikd
We take the solution with negative sign and thus
from the Eqn. (1a), we obtain

w = Rellwi-k6) (7)

to be a solution of Eqn. (1).

We assume that p(r) is such that
2 .1 d _ &

r | p dr r

where b is some constant.
This gives
p=cr’2 (8)

where ¢ is an arbitrary consiant.

Eqn. (2a) takes the form
, R dR w®
2 88 L %L |2 hR—
r e -r?'bdr+[ -t —(b+k

: =
e

Let us assume that

R=r™u(Z), Z=r 2, 9m=1—b,
Bo
thus the Eqn. (9) reduces to

d'u du

g2 @ o B py  gnpr— .
Z 7 -+ 77 (P2—Z3)U=0 (10a)
where P2= (1--b)2 4 4(K*—1)

(10b)
Eqn.(10) is the Bessel’s equation of order p and its
solution is given by
U =4Jp(Z) + BJ_p), (1)

where Jp (Z),J_p(Z) are Bessel’s functions of first
kind and 4 and B are constants.

Tke solution of Eqn. (9) is given by

Rrr'r’“{ Afe ( ' _:;_o) e BJ#_,—J( . %)] (12)

Thus the solution of Eqn. (1) is given by

wff"‘[AJP(TTB(:‘)

) i (wt — k6)
- BJ_,,p( T -E;)] e (13)

3. n-layered mode] and frequency equatjon

We consider the earth to be a solid sphere made
up of n concentric shells with the nth one to be a
sphere of radius Ry (say). The lateral variation in
each shell is assumed to be the same whereas the
radial variation is different. We shall use subscript
M to denotc the parameters of the Mth layer. The
layers are numbered as shown in the Fig. 1. The
Mth layer is bounded by r=r ar_jat the top and
by r=ra at the bottom, Where ry means
value of r at the Mth interface. The elastic para-
meters p and p in the Mth layer are given by

px (r.8) = port par (r) q(8), (14)
px (r,0) = pour par (r)q (6)

where pu(r)=Cwu Ou2

poar and pgyr are constants.

The sheer wave velocity Bar, in the Mth layer, is
given by

A = (‘ﬁ")ﬁ - = )i = o = consf::;
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The displacement component in the Mth layer
is given by

@ pr==Wat(r) et (wt-k8B) (16)
where,
y m(-") w
Hm(r) =7 I:AMJP‘H(?‘ —Bo—u)‘{‘
Byt ¢ ] 17
+ 13 51 —P ( 7 ﬁo.u) (17)
and
() - 1 — by

m =

5] ’

]

Pyt =(1+by)+p(K—1) (18

Here onward we shall write m(M) for m in the

Mth layer.

byThc shear stiess, T p in the Mith Tayer 8 gyven Fig 1. n layered spherical earth model
[Trglar = Tar (r)g(8)(@1-K0) (19)

where,

T ) . 5 (?.) l A; [ rmmj) J1 ( 7 _w_) +( m{{)l ) y(a‘-—’-,l J « +
i () = PouP,, M Py Basi r P_u( T ﬁo—u)]

@, o Yol o2 )b :
[ e (G () 2]

Bou

Eqns. (17) and (20) can be written in the matrix form as

Wy Ay B
[TM (‘T) —D.l((f)l: BH], M-a ~..<‘f-..<.,_?‘y (21)
where elements of Dy given by
(M) w (3) i
D :rﬂ'l J ( r — ) ’ D g — m J_ ( )
1 2 Box g =7 rl 7 i )

m(ﬂf) i w (M) (&)
D, = ”OMPM(T) 7 JI'.H r __Bo.h') -+ rm-—l( m—1

)
Dy = poy Py (1) [leﬂ ( r ﬁ; )—}-f'—l(m(-f]l )Jpﬂ (r ﬂ::. )} .,-m(M)'

The inverse of the marix Dy(r), i.e., Dy~ 1(r) is given by

-1
L Poy Py (,)f,f.” [ Iry ( r _pi:;)‘ﬂ—’},ﬂ( 4 _ﬁt:})_']""l( x %)'ﬂ" (,.._“’._)] 3

Dy, — Dy ]

737 Dal Dll
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From Eqn. (2!), we have
A =] Wy (r) :
Eqns. (21) and (23) give

Wx("y)] _a [ War (731)
£, 4
[ Ty (ra) | Ty (ray) Y
where,
—1
Gx‘ =D, (r,) Dulr,—1) (23)

Since the displacement w and the shear stress 7,4
are continuous across each interface, therefore,
from the Eqns. (17) and (19) we conclude that
the continuity of @ and 7,  at each interface de-

pends upon the continuity of the expressions for
Wa(r) and Ty (r) at each interface, thus

W-“(r:u_l) — WM_; (rM_]},

Tw(r.u :} = T_"__t (rM_I) (26)
with the help of Eqn. (26), Eqn. (24) takes the
form

W (75) ] v [ Wy (7ar--1) ] -
(6 . )
[ Ty (") YL Tasy (rar) (-1

Using Eqn. (27) respectively, alongwith the Eqns.
(24) and (26), we finally obtain

W, (fu) ] [ W, (ro) ] IR
Tn- = J 28)

[ TR (rn—l) Tl (I’“) (
where rg is the radius of the sphere and r, _,=R;

is the radius of the inner sphere as shown in the
Fig. 1. and

J = Gn =1 Gw.—g Gs Gl (29)

Since the surface of the sphere is stress free, there-
fore,

T, (’n) =0
This gives
W'ﬂ (Rﬂ) J‘.ll i
— 11 30
T.(R)  Tu (50)

Now the displacement component in the nth layer
can be written as :

Wor) = [ Aann( . -;’— ) +

()]

From radiation condition, we have B, = 0

therefore

(n) w
Wa(r) = Ag1™ Jp, ( r -—),
an:

where, P, + m(*) >0
w

(n)
and W, (Ry) = 4, R, JP«(R*"E ).

Un

Thus we obtain

(n)
-Tu(RO) — FQOLJ‘JI(RQ) Ari [ Rom JI?» (Rﬂ : )
on

(m ) R, on =) Jp, (Ro E‘;:'-‘) ] (31)

The Eqn. (30) now takes the form

(n) w
J:!l Rﬂm Jl'u (RU B ) =
BU“

: (n) w
J11 Bou P (By) [ Ry J'p, (Ro ';,T‘“ ) -+
On

(n) i
(m'“) — 1 ) By = Vip, (Re ﬁw_) l (32)
On v

This is the required frequency equation for the
n layered model

4. Two layered model

The dispersion equation for two layered model
can be obtained from the Eqn (32) by putting
n=2., Thus we obtain

2)
T By™  Jps (H —,8—0_) =

w
J 11 poa Pa (Ry) [ J'pa (R = ) -1
Boz /

( ml?l ) B, o I (Ru Boz ) } (33)

where the elements of the marrix
J = Gy = D)(ry) Dy (rg)

are given by

i)

(i ) £)

w
—dJ ( "’u‘*ﬁ_; ) JPI

(1) 2n (5, J /
n (0
i) |
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M. .
—(m+1) m—1

Ja =1, 1 kg Py (1) [ Jp, ( 7o —;—°1~ ) J_p, ( r, ﬂim ) -—-J_.pl( 7o !;.:t ) Iy (ru = ) ]
([ ) (R ) o ) (20} )]
[t )+ (Bl ) lrmlo ) + (50 (e )]

5. Inhomogeneous layer over a rigid sphere

Let p, and p, be the rigidity and density respectively in the layer.

Boundary conditions are:

@ =10 at r = R, , T,4=0 atr=r, (34

From Eqns. (17), (20) and (34)

TS (R,, 5‘;) e B (Ro ﬁ) =0, ' (35)
A, ['roJ'm( Ty ';;:) = ( m“--) 1 )JPI ( To ﬁ%)] + B, [’oJl.-!’l( o "8%1') 1 (’Hm 1 )J—-F’l( Ty "E;_l)] =0
(36)

Hor |1
where, = ( — )
P Por

Eliminating 4, and By from Eqns. (35) and (36) we get,

5, (Ros—;l) [Rquqpl( re ﬁi:I) (m[-n—l ) - (r,, %)] i (R., -;’;) [roJ‘m( 5 ?‘”—) ¥

01
) ()] -

6. Three layered mode] (with liquid core)

Here we assume the earth to be a three layered
model. The upper two layers are assumed to be
solid and the inner one has been taken to be liquid.
Such a model has been shown in Fig. 2.

The boundary conditions for such a model are

[Tv4] r=re=10 (38)

[Tr‘f' h= [T:¢]. atr =n (39)
W] = wy

[ZT:é]y=0 at r = R, (40)

Fig. 2. Three layered model with liquid core
Eqns. (38), (39) and (40) give us,

ot )+ (3 o 2| 4 ) (o 2] =

(41)
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(I, ' w ) 1 ' f w \ ] ) w
w—1 | 4 Ja,( 2w (na) | mfnin(n ) +
N (?’1) Ho1 T 1 1[7‘1 PIl 1 Bor ) " ) !1( Ty Bor -'_ B, |r ]-.11( " Por
| (1) w I :‘:L w
+ (m— 1 ) J_.p ("'1 B ) ] | = Pa ( "'2) Hoz 71" !{ A, ["1 J'pa ( T Boz ) T

(n(:) )Jp_, ( r %;;)] +-B; [ r .]ll e (,-1 fi’:; ) ( m— 1 ) I pe ( o ) ] } (42)

and finally
(2) % - ;
A [R lJo(R —"’—) + (m—— |) .I,(R ) ] A [ R, J! ».‘(Ri) .
2 o/ P 0 Boa I 0 Boz e W Pz 0 B |
2) w
( m— 1 ) J__pg (Rﬂ_) .‘ = O, (ll)
ﬁ.lﬂ
Eliminating the constants A1, B;, A, and B, from the Eqns. (41), (42), (43) and (44) we get,

|4]=10

where the clements of the matrix A are given by

A 1!( “’)(ml).}( "’)
n="r'rn\ " I | m ri| 7% o)’
(1)
"113:?‘0‘]1—1’1(7'0—;;—1) -k (m — 1 ) J_p (?'0 i) .

;"13 == 0 3 4‘114 =0 ’

el m w (1)
Ay =m (Tx)#m [ el (5“1 ——) - ( m — 1) Jry (,-1 _) -‘ "
Por Bn/ .
w (1) ( (L
Aza =h (71) ko [ 'y ("1 ——) - ( " — 1) J_p1 ( r r"_"'_.) ] "l
o Bor
w ) (2) w * (2)
Ay = — poaP2 (r1) [ 7y py ( 1 7307) -+ ( m-— ]) JIps (.,‘1 73;_)) J ol

(2) \
Agy = — paPe (1) [?'IJ _p)( ﬁoﬂ) - (m —1 ) J_ps ( r _) ‘\ )lm -1

Ay = ?'1"'(” JP:( 51 %) ) Ay = 1™ J_“( w—l)
Agg = — Tlm(E)JPz (T1 i) , Ay = — Tlmm Ire ( )

Boz Poz
Ay =0 Ap =0

w ' (2) w
Ay = BoJ'ps ( RGEJ;) ‘1'( m— 1) Jra ( R, ﬁ?) ;

w (2) w
A.ﬂ == RoJi_.Pz (Ro‘é;;) 'E"( m — 1) J_‘]Q ( ]?u a—;) N
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7. Three jayered model (with solid core)

In the previous section we have obtained the frequency equation for three layered earth model, with
inner sphere as liquid one. In this section frequency equation for three layered model with the inner

sphere solid one, has been obtained as follows :

Boundary conditions are :

[Tr¢lraro = 0 (45a)

(45b)

(45¢)

)

(46)

[Tr4 e =[T7¢ ]s and w, = wy at 7= Ro
Eqns. (43), (44) and (45) give Eqns. (41), (42) and (43) and the equations

(2) w (2) w
o2 Po (Rn)m'_'{-"z [RquPa (Ro B;ﬂ) -+ ( ) JPz( = ] + B,

m—I
1802
) ]} = b (R0 B[Rt (B0 52 ) + Jirs( 2oz ) |

(3)

Boz
o 5 ‘ s )
RU I:A'& JPz( RD ﬁ—Dﬂ) + BZ J—.I'a (Ru ﬂ"'m) ] = Aa JP;; (‘RO ﬁ“o"a) Rom

Eliminating the unknown constants 4;, By, 4,, B, and!4 from the Eqns. (41), (42), (43) and (45)
and (47) we get

w (2)
a4

(3)
m—I1

Ry
-
Bos

J_,[’g (Ro

(47)

B|=0

where the elements of the matrix B are given by

) (s01) (o).

Bu_ ;‘roJlP]_ ( TU'B—G;

By = 15 J'py (
Bla =0,
By, = pu 1 (ry)

By = pa 1 (1)
By =0,

By, = poy py (1)

w

Bl-l:())

M
) C = (m =1
01

To—ﬁ-—'

Bm=0,

Bl‘ — 0,

rl.ﬂm( ry B%) -+ (m--— 1

ry Jpy ( ry %) - (m(l) —1 ) J_.py ( y
By =0,

) (o).

m

) (7

(44
m—1

()

)on(

w

[

w

Bu

)]

Bor

)]

@

y,m=1

L5}

(1)

).

(1)
m=—1

(1)

B

w

Bo

TIJ]'_.P]_( " ;:) + (-m(")—l) J,_.P]_ ( 7

Bgy = — #021’2("2)["1'}’;92("1%) + (mw—l) J—.Pz( n

By = pu 1 (1)

m(ﬂ)

Bu=—PosP2(”a)["1Jl_Ps(hé::)+( —I)J__qps(,r,..E

)]
)]
o)

pm—1,

(2)
%

(2)

i

3

1: Bﬂ5=o
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1) w
By =™ Jp ( "1—) i

By, = ™ J-Pz(ﬁ ) »
Boz

]335—-0, B‘].:O! BM:O:

By = poa Pz (Ry) [ Ry Jpy (Roé:: ) -+

w (2)
+ (me—1) m (&0 ) [

®
By, = ttga P2 (o) [ Ry _ps ( By Boz ) i

02

+ (m(2' - 1);_,,, ( Ry ;’;) ]Ro":z]_l»

By = — s Ps (Ro) [ Ry J'ps (Roﬁiw) s

@ w (3)
‘f’(m —I)Jpa RJ'—)R‘,”'"I,
03
By =0, By =0,
By — Ry (R ‘”)
58 — 4k P2 0302 ]

(2 w
By, = Ry" J—-Pa( Rnﬁ_uz) )

w

Bu=—&" In( B )

8. Conclusions

We have assumed that the lateral variation
at all depths is same whereas the radial variation
is different. Shear wave velocity is constant in each
layer but it varies from layer to layer. Wave eq-
uation can also be separated if the ratio is pro-
portional to r2. But this assumption gives us the
velocity in the earth model to be decreasing with
depth which is physically unrealistic. This assump-
tion has been by Singh et al. (1976b). Frequency
equation has been obtained by extending Thom-
son-Haskell method to radially and laterally hete-
rogeneous spherical model. Special cases of two
layered and three layered models have been dis-
cussed.
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