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Path of a vortex in a semi-infinite region with a
streaming motion along a plane wall, past a circular
island at a finite distance from the wall
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ABSTRACT. An attempt has been made 1o study the path of a vortex in a semi-infinite region bounded
by a straight wall with steady uniform stream at infinity paralle] to the wall and past a circular island at a finite
distance from the wall. A suitable transformation has been found out with the help of which the dow itself
and the positions of the image system of the vortex in the original plane have been obtained. It has been found

that stationary points exist on the line perpendicular to the wall through the centre of the island — one between
the wall and the island for positive ratios of the strength of the uniform stream and vortex and two, in case of

negative ratios
1. Introduction

Increasing awareness of and interest in the orogra-
phical effects on the atmospheric flow in recent years have
drawn attention for lead to detailed studies in this field.
It has been recognised that mountain ranges do have
strong interaction with and influence over the path and
speed of movement of the atmospheric vortex like a
storm or low pressure system, when it is in its vicinity.
In studying the surface wind fields and tracks of typh-
oons, when encountering the island of Taiwan using
field data, Chu er al. (1977) remarked that the pheno-
mena associated with the interactions of typhoon with
mountain barrier are quite complex. A series of labora-
tory experiments have been carried out by Pao (1976)
to study the mechanical encounter of a vortex with
two dimensional elliptical barrier and demonstrated
that many distinctive flow characteristics associated
with terrain effects, such as typhoon encountering the
island of Taiwan can reasonably be simulated in the
laboratory. Chang and Chen (1969) and Chang
et al. (1975) have made some experimental simulation
studies on the structure and topographical influence
on typhocn. In a previous paper, the author (Mardal
1980) discussed the motion of a vortex in the presence
of a straight boundary with semi-circular bay or bulge.

To get some insight, as to how the motion of an
atmospheric vortex is influenced by the presence of an

one between the plane wall and island and other awayv from the island,

isolated hill near a mountain range or a high island near
a high coast; a theoretical attempt has been made in this
paper to study the motion of a vortex in two dimen-
sions in the presence of two boundaries, viz., a straight
long wall and a circular island at a finite distance from
it, with streaming motion parallel to the wall and
uniform at a large distance from the island. The mathe-
matical treatment in such a case is complicated. A
technique has been developed to obtain the solution
for uniferm stream and a series solution has been obtain-
ned. Further, one boundary is curved and separated
from another with fluid; it is not possible to replace
these two boundaries by a single straight boundary to
make the study of the motion of the vertex simple.
In this study, the positions and strengths of the image
voriices in the original plane, corresponding to the
infinite number of image vortices in transformed plane
with two parallel boundaries have been derived and a
series solution obtained ; which have been added to get a
closed form of the solution.

Another example of the barrier as studied in this work
is an island near the bank of a broad river. It is also
applicable for the flow of water in river or bay in the pre-
sence of island excluding the vortex part from
solution.

2, Transformation

In Fig. 1, A, B, is an infinite, straight and rigid
boundary wall. A c¢ircular island of radius a is at a
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Fig. 1. Position of island with respect to plane wall boundary

distance b from the wall and the fluid is confined to
the upper infinite region outside the island.

We take the plane of moticn as =z (=wx =iv)-plane.
The axis of x, is taken along the boundary of the wall
and axis of y, perpendicular to it through the centre
of the island.

The semi-infinite region cutside the island is occupied
by an inviscid fluid which has at a large distance from
the island a steady uniform flow U, parallel tc x-axis.
Let a vortex of strength, I' be placed at a point, =z,
(=xo -+ ivg ). U, is considered positive for flow from
left to right and I', is positive for cyclonic flow and
negative for anticyclonic.

As the semi-inflnite region outside the island cannot
be transformsd into a semi-infinite region, because
the rigid boundaries are separated from each other by a
region occupied by fluid. wusual standard procedure
cannot be used.

In order tc confine the fluid regime within a region
bounded by straight boundaries we will transform the
region of interest from :z-plane to  { (£ - iy)-plane
(Fig. 2) using the relation :

I=—pgcot{ (1)
where g is a constant parameter, which is related to the
radius of the island @ and its distance from the wall b;
obviously b is greater than a.

In terms of real and imaginary parts:

X sin2 ¢
g  cosh2n —cos2¢€
Yy sinh2 9 (2)
g cosh 25 —cos 2 ¢
After simplification
x2 - (v —gcoth 2 5)? = g?cosech® 2 (3)

Similarly, (x sin2 £ - gcos 2 £)2 ~y2sin?2 ¢ — g

when,n» =0; y =20

when, £ = £ #/2: x =0,

é = plane

Fig. 2. Straight well and boundary island in
transformzd plane

For, n=9,. constant (not zero), the curvesin the z-
plane are circles with centre given by (0, g coth 2 o)
and radius g cosech 2y,,.

In order to get the set of values of 29, and g fora
particular set of values of a and b, if we put g—
g cosech 2w, and b — gcoth 23, we get the follo-
wing relations :

cosh 29, = bla |
gﬂ S S — f (4)

Thus, for known a and b (b>-a), the values of 7o and
gareuniquely determined.

As. 7 =0, when y==0, in theand {-plane, » = 0 and
n=mnp, from £ = — #/2 to &€==/2

represent the straight and circular boundaries respecti-
vely of the z-plane . The entire fluid region is thus
confined within the rectangle é= +m/2 and 5=0 & =,.

This transformation is equivalent to a cut along the
imaginary axis from the lowest point of the island to the
originin z-plane, a counter clockwise rotation of angle
7, open out of the island and coincidence of all points at
infinity of z-plane at the origin in {-plane. Fig. 2
shows the transformation.

3. Complex potential for the motion of the fluid

3.1. Due to the uniform flow

The uniform flow U. at infinity in z-plane, has been
reduced to a doublet at the origin in Z-plane and due
to periodic nature of the transformation function, the
doublet will be repeated within the infinite strip n = 0

and n—n, :and hence the streamlines of the original
doublet at {=— 0, will cut the lines £= 4 #/2 ortho-
gonally.

Since, n-=—0 and 5 — 7,, represent rigid boundaries
these can be considered to be removed without affecting
the flow pattern by considering the image system with
respect to these boundaries. The infinite numbers of
images cf the parent doublet will lic at points :

E=0 (5)
n= = 2nm,

where, n—=1,2,3........., =
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and all will have the same strength, which depends upon
the strength U in z-plane. Thusin the entire {-plane,
there will be infinite number of columns of infinite
doublets: but one column on the imaginary axis is
sufficient to study the flow. Now, in the reverse way,
if one column of doublets in {-plane be transformed
to the corresponding points in z-plane (of course, the
strength will vary in that plane eccording to their
positions}, it will give the motion of the fluid in z-
plane due to uniform stream atinfinity past a circular
island placed at a finite distance from the plane boun-
dary.

It can be shown from Eqn. (2) that all the doublets in
z-plane will lie on the imaginary axis and their posi-
tions are given by :

v, =g coth ( = 2nn) (6)

where, #H=0; 25 8, senbensai , 00

To find the strength p, of the doublet in I-plane,
we will use the condition that the complex potential
w = w/{ in {-plane, is equivalent to w—= Uz in z-plane
as z> oo ({>0). We can write,

v _ dw J odz
dt. — dz T di

1 dW - fra il:‘ e n
since, T L2, af = g/sin®* { and
L Uas {0
dz
po=limit Ug ¥/ sin? { = Ug (7)
=0

The strengths of the image doublets at the corres-
ponding points in z-plane will vary and depend on their
positions in that plane and are given by :

| dz

= | | = Ug? cosech? 2 ny, (8)

where, n—=+1, +£2, £3,......c0ini , oo,

The original doublet in {-plane is but the uniform
stream at infinity in z-plane, and the virtual positions
of the image doublets are on the imaginary axis, inside
the island and outside the plane wall.

Therefore, the complex potential W, for the motion
of the fluid in presence of a circular island of radius
a and centre at a distance b from the plane boundary
is given by the following expression by considering the
virtual doublets in addition to the uniform stream U at
infinity:

o0
cosech? 2 ny,
i . Y [l - Lo W ol | [
Wy=—Uz—2Ugz E T T g% coth? 2 ning 9

n=|

where, g2 = b* — a?

b+
2qu:%ln7—_—§,&ﬂd'qn=f—'0

At large distances all terms on the r.h.s. of Eqn. (9)
except the first, i.e., —Uz, vanish and the complex poten-
tial reduces to W;=—Uz, which is the simple case of
uniform flow parallel to the real axis in the absence of
the island.

3.2. Due to vortex

The strength of the vortex due to transformation
is not changed. As in the case of doublet, the rigid
boundaries in the {-plane can be considered as removed
by considering a column of infinite number of
images of the vortex with respect to the boundaries.
Though, this column will be repeated due to the period-
ic nature of the transformation, it will be sufficient to
consider one column only,

In the reverse way, if image vortices are virtually
placed at the corresponding points in z-plane in addition
to the original one, the system together will give the
motion of the fluid due to the vortex in presence of the
island and straight boundary in absence of any other
motion,

The infinite number of images of the vortex can be
grouped into two categories, viz., positive and negative.
The first negative image will be at the complex conjugate
point of the orginal vortex.

If, y be the position of the vortex corresponding
to zo, in z-plane , then the positions of the positive
image vortices including the original one are given by :

Cm == ZD f:-'— 2n'"-"}l] (lOa)
and negative images by :

Ly = Lo =+ 2ming (10b)
where, m=0,1,2.......... , ®

and , is complex conjugate of {,.
Here, like {,, corresponds to z,,, and {_,, to z_,,

vyhere, m.:O, 1,2,3,....0..0.. ,o¢ . The complex poten-
tial Wy, in the {-plane due to vortex at ¢, and all
positive images are given by :

(=
In (C _' zm.’
0

and complex potential W, for negative images by :

=]
W.’ =—iI' 2 In (C — ‘:-fm)

m=1

Putting the actual values of {, and Z_,, adding

the two infinite series together and with some simplifica-
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Fig. 3, Path of o positive vortex in absence of any flow

tion and transforming from { toz with Eqn. (1),
the complex potential W,, in z-plane. can be written as:

s I ; | 77_ . l-]-*: Gt :E’ﬁ\ ]
W, il In smhl % (w : C g)]

= o1 l L ' sot—! = . cot™! :(I_) l
i I''ln sinh \ I (\ co 3 co = ]
(1)

where, 2, s the position of the vortex of strengih
I’ in z-plane, and z, is complex conjugate of =,

Therefore, the complex potential W, for the motion
of the fluid due to uniform stream, U, at inifinity and
a vortex of strength, I at z=z, is given by adding Eqns.
(9)and (11).

o0
= cosech? 2 n ny
— Uz —2Usg2z = iAo 4
W L '8 /22— g¥coth® 2 n 9
mn—1
z { = 1 =0_}!
+il'ln smhi X ( cot—t —— —cor—t 2—)
2 70 g,
s A = -
— sinh | =—{ cot—! —_co
illn | 270 cot = cot i

4. Equations for path of vortex

The complex poiential Wy, for the motion of the vor-
tex itsell. can be obtained by subtracting its own poten-
tial. /' In (z—2z)) from Ean. (12), and making
z-»zy using .L'Hospital’s thecorem in third term,
omitting additive constant and replacing z, by
current coordinate z, W, can be written in the
following form

o0
. : : * cosech2 2 n q
Wy= —Uz-—2Ug% >_’T)*(.'7’. 35— T
N L, 2 - gtcoth? 2 5
n—=1
il In -}17 . —,g-'
e [ g"
oo~ T, |
— iTInsinh | 7 cot—1 22 & | 13
27 8z — 2ZI (13)

The stream function y, for the motion of the vortex
itself 1s

x=—Uf—Tlnpp, (14)
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whete, f=y—2y 3 [g% cosech? 2n 7o (X2 - y* —
n=1
g2 coth? 2n yg] [ [(x® -+ )% —

- g2 coth? 2n 5)? - 4g? x% coth? 2n 7]

T S‘ _Ti — In _‘_h-_
P e " —g
{2 — g+ de
g-z
Now to reduce Eqn. (14), to non-dimensional form,

we will refer the length to theradius of the island, a
and time to a suitable time 7, so that

P2 —

at .
=X X = ax

Iy

a ’ ’
U= — U y = a)

fo

Vi i
F:"‘F g;ag

Iy

With the above relations and since the value of p,
and p, does not alter in non-dimensional form, Eqn.
(14) can be writtenas :

' L’r"afl
: I’i: 7 tinpp.

Puttinge ¥/ = xand =%
A= i
L SV ) (15)
Eqn. (15) gives the entire family of paths of the vortex

in the z-plane.

5. Velocity components for the vortex

The velocity components u and v of the vortex parallel
to the plane wall and perpendicular to it respectively,
derived from the stream function are given by :

- y2)coth2ny,

6. Technique for drawing the paths of vortex

As the expression for the stream function for the paths
of the vortex, A, is very cumbersome, it is difficult to
draw the paths by pre-assigning constant value of .
In the expression for A, there are two parameters, viz.,
n, and a; 7, depends upon the radius of the island and
its distance from the plane boundary and « depends
upon the strength and sign of the vortex and uniform
stream. Therefore, for a particular size of the island
placed at a known distance from the plane boundary,
and with a given ratio of the uniform stream and
vortex strength, the parameters will have specific values,
and so A, will be function of coordinate pointsonly.
Thus, putting values of different coordinate points in
Eqn. (15), we can determine the value of A ata number
of points and joining points having same value of A, we
can draw the paths of vortex at any suitable interval
of A, using the method of interpolation.

Taking a = one unit of length, and & = 3 units of
length, the paths of vortex have been calculated numeri-
cally for some typical values of a, viz.,, a=0, & 0235,
as shown in Fig. 3 (¢=0), in Fig. 4 (2 = 0.5) and
in Fig. 5 (a=--0.5).

7. Discussion of the results

Case 1 :a=0,ie. ,U=0(Fig. 3)

The pattern of the paths of vortex will not be altered
due to change of the strength of the vortex; oniy the speed
will vary for different strengths. In this case, there exists
a stationary point at E, on the imaginary axis between the
wall and the island. The vortex makes loops around the
island. If it is within the path EFGE, it cannot go out
of it, and moves in closed paths. Outside the path EFG,
all paths are open and the sense of movement of vortex
depends upon its sign. On the imaginary «xis, between
the wall and island, the vortex moves in opposite direc-
tions on opposite side of the stationary point.
The paths. ME, EFGE and EN divide the entire region
into three distinct sectors. The paths nearer the straight

- gbcoth®2nn,] +g2(x4+y--10x2)3)coth®2ny,

o\ Eresech (2 ROR - )% — g
(O + AT 26 (5% -
n=1\

y?) coth® 2n 7, -+ g* coth? 2y n,}?

+

r | g o T8 5 y (v )2 x2
e s . |yt —p) 1 T (2 kg ) cot] T g YT TX
{(v+ 8P+ x% {(y —g)* + xt} [ A &) Mo (8 i &F — ) ot i 4 8 O —2°+ xé'} ]
(16)
LB e st gnr L0 28 coth? 2n 5y (2 1% — 3¢t cotht 2n )
v ox 2U g* x) L‘cosec 2nn, { (x2 4 y9)? - 2g1 coth? 2n 4, (x2 —»?) -+ glcoth? 2n a}—l
n=I
T A x 212100 "8Y r . (y+gr+xt
(0T + {0+ [‘x ) ot a1 (TT’—TH (7

Since, g is a constant; when |z| o0, u U and v->0. On y-axis, v is identically zero.
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Fig. 4. Poth of a positive vortex in uniferm stream U, from left to right

boundary or away from the island are comparatively
straight.

Case 2 :a=0.5 (Fig. 4), a positive

When the ratio of the uniform stream and the vortex
is positive, the pattern of the paths is similar to those
when it is zero, i.e., a=0. A stationary point always
dces exist on the imaginary axis between the wall and
island. The position of the stationary point shifts to-
wards the island with increasing value of «, and the
region of loop around the island decreases.

Case 3 :a=—0.5 (Fig. 3), o negative

This case is very interesiing and significant. Two
stationary points exist on the imaginary axis; one bet-
ween the plane wall and island, and the other away
from the island. The parameter A, has its minimum
value zero on the straight wall, on the island and at y,

equal to infinity, 7.¢., at a very large distance from the
wall. A critical curve of partial maxima of A, with
dashes. has been drawn through the stationary point F,
between the straight wall and the island. The tangen-
tial velocity of the vortex along this line is zero. The
paths divide the region into six distinct sectors. In the
sector KPR, the path of the vortex is clcsed and makes
loops around the island. At stationary point F, the
voriex meets from opposite direction along the paths
EF and NF and move away from it along the paths FG
and FM. The sectors EFM and GFN are symmetri-
cal about the imaginary axis and the vortex makes
loops about the critical line in opposite sense extending
to infinity on both sides. The vortex in one sector
cannot come (o another sector. Above and below the
critical curve, the sense of movement of the vortex is in
opposite directions. Below the path EFG, the paths
are open and the vortex moves in the opposite direction
of uniform stream. At the second stationary point K,
away from the wall and island, the vortex moves towards
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Fig. 5. Path of a positive vortex in uniform stream U, from right to left

it along the path RK and JK and away from it along
the paths KP and KL. All paths above JKL and bet”
ween JKPRKL and NFM are open and move in the
same sense as the uniform stream. With the increasing
absolute value of a, the loop forming region around the
island decreases, the stagnation points between the
plane wall and island and away from the island come
closer to the wall and island respectively. The critical
curve also shifts to the plane wall. Nearer the plane
wall or far away from the island the paths are nearly
parallel to the plane wall.

8. Remarks

As this problem has been dealt with for perfect fluid
in two dimensions, it is a first step in the study of the

dynamical aspects due to the oregraphical influences on
the motion of the atmospheric vortices. This investi-
gation may throw some light in studying the behaviour
of the motion of the cyclone or low pressure system in
the vicinity of mountain ranges.

The approach in this paper can be extended to the
study of motion of more than one vortex in the vicinity
of multiple boundaries and also for an elliptical island.
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