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Propagation of Love Waves in a medium containing
a heterogeneous layer
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> ABSTRACT. Love wave propagation in a medinm consisting of a heterogeneous layer of a finite depth embed-

ded between a homogeneous layer and a half-space has boen studied, SH-displacement due to an infinite line source
on the free surface has also been investigated.

1. Introduction

Recent knowledge abont the strueture of the earth’s interior reveals the existence of heterogeneous
layers which influence the phase velocities of surface waves. The seismic wave veloeity which is dependent
on the elastie constant of the material, inereases in general with the inerease of depth.

Various authors, Meissner (1921), Bateman (1928), Jeffreys (1928), Sato (1952) and Das Gupta (1953)
have studied the propagation of surface waves in a heterogeneous medium taking into account different
variations of rigidity and density with the increase in depth.

In this paper the propas stion of Love waves has been investigated in a melium having a heterogoneous
layer embedded hetween o layer of finite depth and a half-space, both being homogeneous.

2. Basie equation and solution

Let us consider a vertically heterogeneous layer of finite thickness embedded between a homogeneous
layer lving sbove it and 2 homogeneous half-space below. Let us also consider that a disturbance is ereated
by a periodic line source on the free surface Z— —H,, along the Y axis, The Z axis is taken vertically down-
wards while the X axis is along the direction of propagation. The origin is taken on the plane Z =0 sepa-
rating the first and the second layers. Let Z—H, be the plane of interface between the second layer and
the half-space.
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Let the rigidity and density of the first layer and the half-spaca be given by u, p, and p,, p,
and for the second laver, py = p cosh (pz —A), B} = (/p: cosh? (pz —X)
where 3, is the S-wave velocity in the second layer.

The equation of motion for the heterogencous second layer can be written as (Ewing, Jerdetzky and
Press 1957) —
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whera o (z, 2) is the displacement and let
v — § (2) cos (wt — Fz) @)

then, ¢, will be a solution of the equation —
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Restoring the values of By, e in (4) and substituting { = tanh (pz — A). the equation (4) reduces to
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Equation () is the well known Legendre's associated equation and the solution ix given hy w—
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where, F (a, B; 7; 2) is the hypergeometric function. Since | {3 | = | tanh? (pz —A) | < 1, the solution is
true for all values of z. The funetions I’: (¢) and Q;' (£) are known as Legendro’s functions of the first

and second kind respectively.
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The equations of motion in the first layer and the half-space are—
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Let us assume v; = ¢4 (2) cos (wf — kx), then ¢; is a solution of the equation—
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Therefore, the solutions in the first Iayer and the half-space are given by—

¢y = A, cos (ksy2) 4 By sin (ksyz) } )
and Py = 4, giks - Bye ~ikey:
¥ »
whero, 3.'={( 0’/5.")—1} t=13
Assuming s; to be positive nmaginary, and since ;>0 asz-»o0, By=
hence, $y = A, el (12)
The boundary conditions are—
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From the above boundary couditions given in 13(a) to 13(¢), 4: , B;
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can be written in the following Way
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where,
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To have a concentrated line source on @ = O, let us assume

M (k)= -'3‘;5"
and integrate with respect to & from — o0 to o0
, A
$.e. L .é i - J‘, cos (el — ko) dlk = L3 () eos ()
where 8 (# ) is the Dirac’s delta funetion,
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gives the frequency equation of the model under study.

2. Dicussion

The phase velocity curve for different frequencies can be obtained by solving the equation A (k) = 0.
Since w = ke, where ¢ is the phase velocity of the Love wave, a frequoney eurve correlating w and ¢
can be drawn and the properties of the heterogencous layer can be studied.

The frequency equation on simplification may be written in the following form —
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Equation (19) gives an implieit relation hetween the wave number % and the phase velocity ¢ of the Love
wave and hence ¢ may be obtained as a function of the period I' through the velation T' = 2a/ke.

When ¢ - B, from equation (19) it follows

> (54 1) % /\/'5? £, L
1z

and it is seen that propagation at the phase velocity ¢ = B, oceurs in each mode at the highest frequencies.
More precisely from the definition of the wave number = 2a/l large values of kH;, correspond to the
large values of the dimensionless parameter Hyfl. Thus for I <<< H;, ¢ - By for all modes.

Again when
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Thus in all probability it is coneluded that as » —» oo, that is, for higher modes

—_
knHy —-> nn /V_C__ 1

By?
and the modes form a harmonic series.

It may also be seen that when the heterogeneous layer is absent, i.c., when I, = 0, the problem reduces
to a well known problem of Love wave propagation in a homogencous layer over a half-space and the
frequency equation in this case from Eq. (18) reduces to

3o : 1
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